
Primordial magnetic field from chiral plasma instability with sourcing

Murman Gurgenidze ,1,2,* Andrew J. Long ,3,† Alberto Roper Pol ,4,‡

Axel Brandenburg ,1,2,5,6,§ and Tina Kahniashvili 1,2,7,∥
1McWilliams Center for Cosmology and Department of Physics, Carnegie Mellon University,

Pittsburgh, Pennsylvania 15213, USA
2School of Natural Sciences and Medicine, Ilia State University, 0194 Tbilisi, Georgia

3Department of Physics and Astronomy, Rice University, 6100 Main Street, Houston, Texas 77005, USA
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In an electron-positron plasma, an imbalance in the number of right- and left-chiral particles can lead to
the growth of a helical magnetic field through a phenomenon called the chiral plasma instability (CPI). In
the early Universe, scattering reactions that violate chirality come into thermal equilibrium when the
plasma cools below a temperature of approximately 80 TeV. Since these reactions tend to relax any
preexisting chiral asymmetry to zero as the system approaches equilibrium, the standard lore is that
primordial magnetogenesis via the CPI is not viable below 80 TeV. In this work, we propose that the
presence of a source for chirality can allow the CPI to operate even below 80 TeV, we explore the
implications of this scenario, and we derive predictions for the resultant magnetic field helicity using a
combination of analytical methods and direct numerical simulation.
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I. INTRODUCTION

There is a rich interplay between particle asymmetries
and primordial magnetism in the early Universe. Particle
asymmetries are expected to arise in the early Universe
during the epoch of baryogenesis [1–3] at which time the
cosmological excess of matter over antimatter was estab-
lished. Prior work has shown that a chiral asymmetry,
corresponding to an excess (or deficit) of right-chiral
fermions over left-chiral fermions, leads to an electric
current that can produce magnetic fields, known as the
chiral magnetic effect (CME) [4]. First proposed in Ref. [5],
various studies have explored the development of an
instability leading to the growth of helical magnetic fields,
known as the chiral plasma instability (CPI) [5–21], using

both analytical methods and direct numerical simulation of
the nonlinear equations of motion of chiral magneto-
hydrodynamics (χMHD) [12,17,18,22–24]. See also the
review articles [25–31].
The primordial magnetic field that is generated in this

way is expected to survive in the Universe today as a relic
of the early Universe. In the voids between galaxy clusters,
the primordial magnetic field would constitute an inter-
galactic magnetic field, which can be probed with astro-
physical observations [32]. This field may have played an
essential role in seeding the galactic dynamo by raising the
effective seed magnetic field above ∼10−20 G, thereby
helping to explain the origin of μG galactic fields through
dynamo theory [33–36]. Furthermore, the presence of a
primordial magnetic field during recombination could have
led to a reduction of the sound horizon due to baryon
clumping [34,37]. This effect would modify the cosmologi-
cal estimate of the present-time Hubble rate from CMB data,
potentially alleviating the Hubble tension [38–41]. Since the
origin of cosmological magnetism remains an open question,
it makes sense to ask whether such fields may have arisen in
the early Universe as a byproduct of baryogenesis.
While particle asymmetries associated with some

charges, such as the baryon number minus the lepton
number (B − L), are predicted to be exactly conserved, the
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particle asymmetry associated with chirality is not con-
served in the Standard Model. Rather, scatterings of chiral
fermions can change their chirality if the scattering is
mediated by the Yukawa interaction with the Higgs boson
(or if the fermion’s Dirac mass is involved). Once these
scatterings come into thermal equilibrium in the primordial
plasma, they deplete the chiral asymmetry to zero expo-
nentially quickly (assuming that the asymmetry is not also
being sourced). Studies of these scattering processes
[5,42,43] reveal that the chirality should be depleted to
zero when the primordial plasma cools to a temperature of
approximately kBT ≈ 80 TeV. At this time, the age of the
Universe was only about 4 × 10−17 sec. This means that
the CPI must take place above 80 TeV, before the chiral
asymmetry is erased.
However, the preceding discussion is modified if the

chiral asymmetry is being sourced. For instance, baryo-
genesis generically entails an out-of-equilibrium scattering
or decay that sources a chiral asymmetry and leads to the
baryon asymmetry of the Universe. In this work, we study
the development of the CPI in the presence of a source for
chirality in order to derive predictions for the relic primordial
magnetic field. We argue that the source term allows the CPI
to be active even at temperatures below the nominal chiral
erasure temperature of 80 TeV. In some studies, the chiral
charge erasure was neglected and the CPI was considered at
temperatures below 80 TeV [6,16,17,44–48], such as during
the electroweak phase transition at 100 GeV or during the
QCD phase transition at 100 MeV. Our work is partly
motivated by the desire to justify how the CPI could occur
below the nominal charge erasure temperature of 80 TeV. In
many models, baryogenesis takes place at the electroweak
scale or below [49–54], and our work indicates that baryo-
genesis may be accompanied by magnetogenesis as a
consequence of the chirality sourcing.

II. A SOURCE FOR CHIRALITY

While baryogenesis is taking place in the early Universe,
chirality may be sourced by out-of-equilibrium scatterings,
decays, or oscillations. Even though chirality violation is
not a necessary ingredient for baryogenesis, both charge
and parity violation are necessary ingredients [1]. Given the
close connection between chirality and parity, many models
of baryogenesis also entail some level of chirality violation.
In this section, we provide a simple particle physics toy
model that leads to a nonzero chiral source S5ðtÞ, and we
use it to motivate the functional form of S5ðtÞ that we use
for our numerical studies, which are presented in the
following sections. Consider a metastable particle species
ϕ that decays to chiral electron-positron pairs via two
reactions:

ΓR ¼ Γðϕ → e−R þ eþR þ XÞ;
ΓL ¼ Γðϕ → e−L þ eþL þ X̄Þ: ð1Þ

Here e−L denotes a left-chiral electron, e−R denotes a right-
chiral electron, eþL denotes a left-chiral positron, and eþR
denotes a left-chiral positron. There may be other particles
in the final states, which we denote by X and X̄, and these
particles do not carry any chirality. The reaction with rate
ΓR increases the electron chirality by two units, while the
reaction with rate ΓL decreases it by two units. Without
loss of generality we can write ΓR ¼ ð1þ ϵÞðβ=2ÞΓϕ and
ΓL ¼ ð1 − ϵÞðβ=2ÞΓϕ, where Γϕ is the total decay rate of a
ϕ particle, which may include additional channels beyond
the two shown above, where β is the branching ratio into
either of the chirality-changing channels, and where ϵ is the
dimensionless parameter that controls chirality violation.
Note that 0 < β ≤ 1 and −1 ≤ ϵ ≤ 1, but typically jϵj ≪ 1.
We suppose that there is a population of ϕ particles

having an approximately homogeneous number density
nϕðtcÞ at time1 tc. We assume that these particles decay out
of equilibrium, which means that the inverse processes,
including e−R þ X → e−L þ ϕ, are effectively shut off. If
ϵ ¼ 0 such that ΓR ¼ ΓL, then on average no chirality is
generated when the population of ϕ particles decays. In
contrast, if ϵ ≠ 0, then the decaying population of ϕ
particles is a source of chirality. Let n5ðx; tcÞ represent
the density of chirality at position x and time tc, i.e., the
number of right-chiral fermions minus the number of left-
chiral fermions per unit volume. For a system at temper-
ature T with chiral chemical potential μ5 ¼ ðμR − μLÞ=2 ¼
ðμe−R þ μeþR − μe−L − μeþL Þ=4 this density is given by

n5 ¼ ðk2B=½ℏ3c3�Þðμ5T2=3Þ. The rate of chirality generation
per unit volume is given by

∂

∂tc
n5ðx; tcÞ ⊃ S5ðtcÞ; ð2Þ

where there may be additional terms accounting for the
washout or diffusion of chirality. In our phenomenological
model, the chirality source term is given by

S5ðtcÞ ¼ ðΓR − ΓLÞnϕðtcÞ ¼ ϵβΓϕnϕðtcÞ: ð3Þ

The time dependence of S5ðtcÞ follows the time depend-
ence of nϕðtcÞ, which we now proceed to calculate.
We can say that the ϕ particles decay at a time tc ¼ τϕ,

where τϕ ¼ Γ−1
ϕ is their lifetime. We assume that the ϕ

particles are nonrelativistic when they decay, allowing us to
approximate their energy density by only their rest energy
ρϕ ≈mϕc2nϕ, where mϕ is the mass of a ϕ particle. When
the ϕ particles decay, we assume that the cosmological
energy budget of the universe is dominated by radiation,

1In the flat Friedman-Lemaître-Robertson-Walker cosmology,
the invariant interval is ðdsÞ2 ¼ −ðdtcÞ2 þ a2ðtcÞjdxj2 ¼
−a2ðtÞðdtÞ2 þ a2ðtÞjdxj2, where a is the scale factor, tc is the
cosmic time, t is the conformal time, and dt ¼ dtc=a.
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having temperature T and energy density ρrad ¼
ðk4B=½ℏ3c3�Þðπ2=30ÞgET4, where gE is the effective number
of relativistic species. For example, the Standard Model
particles contribute gE ¼ 106.75 at kBT ≳ 160 GeV prior
to the electroweak phase transition, and they contribute
gE ¼ 61.75 at kBT ≈ 1 GeV prior to the QCD phase
transition. The ϕ particles should compose a subdominant
component of the energy budget, and therefore it is useful
to define Ωϕ ¼ ρϕðτϕÞ=ρradðτϕÞ, which gives their fraction
of the energy budget at the time when they decay; note that
0 < Ωϕ < 1. We can use this relation to exchange the
variable nϕðτϕÞ for the variable Ωϕ.
As a result of the cosmological expansion, the number

density of massive ϕ particles will decrease ∝ a−3ðtcÞ. In a
radiation-dominated universe, the evolution of the scale
factor with cosmic time is aðtcÞ ¼ aðτϕÞðtc=τϕÞ1=2. As a
result of the decays, the density will decrease further
∝ expð−ΓϕtcÞ. Putting together these various factors, we
can write the chirality source term as follows:

S5ðtcÞ ¼ ϵβΓϕ
ρradðτϕÞΩϕ

mϕc2

�
tc
τϕ

�
−3=2

× exp½−Γϕðtc − τϕÞ�: ð4Þ

Notice that S5ðtcÞ diverges as tc → 0, due to the a−3ðtcÞ
factor. However, this divergence is removed if we work
instead with comoving densities and conformal time.
The comoving density obeys an equation that takes
the same form as Eq. (2) but where the term on the right
side is instead multiplied by a factor of a4ðtcÞ. We also
exchange cosmic time tc for conformal time t using
tc ¼ a2ðτϕÞt2=ð4τϕÞ, since a ∼ t1=2c ∼ t in the radiation-
dominated era. After these changes, the comoving source
term is

S5ðtÞ ¼ S̄5
t
tϕ
e−ðt

2−t2ϕÞ=ð2t2ϕÞ; ð5Þ

where S5 has been scaled with a4, and the parameters S̄5
and tϕ are given by

S̄5 ¼ ϵβ

ffiffiffi
e
2

r
ρradðτϕÞΩϕ

mϕc2
a4ðτϕÞ
τϕ

and tϕ ¼
ffiffiffi
2

p
τϕ

aðτϕÞ
: ð6Þ

Here we have used Γϕ ¼ τ−1ϕ and e ≈ 2.718 is the base of
the natural logarithm. We present a graph of S5ðtÞ in Fig. 1.
Note that S5ðtÞ increases linearly in the early stages,
reaches a maximum of S̄5 when t ¼ tϕ, and falls exponen-
tially in the later stages. We use this parametrization for our
numerical studies. Note that

ffiffiffi
2

p
tϕ is the value of the

conformal time t when the cosmic time is tc ¼ τϕ in the
radiation era.

III. EQUATIONS OF χMHD

The dynamical variables in χMHD are the magnetic
vector potential Aðx; tÞ, the magnetic field Bðx; tÞ, the
electric scalar potential Vðx; tÞ, the electric field Eðx; tÞ, the
electric charge density Qðx; tÞ, the electric current density
Jðx; tÞ, the fluid energy density ρðx; tÞ, the fluid pressure
pðx; tÞ, the fluid velocity uðx; tÞ, and the chiral chemical
potential μ5ðx; tÞ. The fields are related by E ¼ −∇V −
1
c
∂

∂tA and B ¼ ∇ × A, and we work in the Weyl gauge
Vðx; tÞ ¼ 0. We assume; (i) a relativistic equation of state,
which restricts p ¼ ρ=3, (ii) an electrically neutral plasma,
which restricts Q ¼ 0, and (iii) a constitutive relation
for the current, which restricts J ¼ JOhm þ JCME, where
JOhm ¼ σðEþ 1

c u × BÞ is the Ohmic current, σ is the
electric conductivity, JCME ¼ cμ̃5B is the chiral mag-
netic effect current [4], μ̃5ðx; tÞ ¼ 2αμ5ðx; tÞ=ðπℏcÞ is the
rescaled chiral chemical potential with units of ½length�−1,
and α ¼ e2=ð4πℏcÞ ≈ 1=137 is the electromagnetic fine
structure constant.
The equations of motion for these dynamical variables in

an expanding universe are a coupled system of partial
differential equations [16,17,55,56],

∂

∂t
A ¼ u × Bþ η

�
μ̃5B −

1

c
J

�
; ð7aÞ

�
∂

∂t
þu ·∇

�
μ̃5 ¼−μ̃5∇ ·uþD5∇2μ̃5

− λη

�
μ̃5B−

1

c
J

�
·B−Γ5μ̃5þ S̃5; ð7bÞ

ρ

�
∂

∂t
þu ·∇

�
u¼ 2∇ · ðρνSÞ− c2

4
∇ρþ 1

3
u∇ · ðρuÞ

þ 3c
4
J×B−u

�
1

c
u · ðJ×BÞþ 1

c2
ηjJj2

�
;

ð7cÞ

FIG. 1. Evolution of the chiral source S5ðtÞwith conformal time
t. The maximum occurs at t ¼ tϕ where S5ðtϕÞ ¼ S̄5.
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∂

∂t
ρ ¼ −

4

3
∇ · ðρuÞ þ 1

c
u · ðJ × BÞ þ 1

c2
ηjJj2; ð7dÞ

where Sij ¼ ð∂jui þ ∂iujÞ=2 − δij∂kuk=3 is the traceless
rate-of-strain tensor. Ampère’s law with Maxwell’s correc-
tion implies J ¼ c∇ × B − ∂

∂tE, and we neglect
∂

∂tE. Notice
that this system of equations is valid for the subrelativistic
limit2 of fluid bulk motion juj2 ≪ 1, see Ref. [56] for the
extension to relativistic juj2. The model parameters are the
electric conductivity σ, the magnetic diffusivity η ¼ c2=σ,
the kinematic viscosity ν, the chiral diffusion coefficient
D5, the chiral feedback parameter λ, the chiral erasure rate
Γ5, and the rescaled chiral source S̃5ðtÞ, which we define in
the following; see Eq. (9). Note that all of the parameters
and dynamical variables are comoving quantities [i.e., they
have been scaled by a number of aðtÞ factors equal to their
mass dimension]; x is the comoving spatial coordinate, t is
the conformal time coordinate, and u is the peculiar
velocity. The physical variables are related to the comoving
ones as A ¼ aAphys, B ¼ a2Bphys, E ¼ a2Ephys, J ¼
a3Jphys, η ¼ ηphys=a, μ̃5 ¼ aμ̃5;phys, λ ¼ λphys=a2, Γ5 ¼
aΓ5;phys, S̃5 ¼ a4S̃5;phys, ρ ¼ a4ρphys, D5 ¼ D5;phys=a,
and ν ¼ νphys=a.
The equation of motion for the chiral chemical potential

(7) is derived as follows. Let jμ5ðxÞ ¼ ψ̄γμγ5ψ ¼ ψ̄Rγ
μψR −

ψ̄Lγ
μψL ¼ ðcn5; j5Þ denote the Noether current density

associated with the axial-vector symmetry transformation.
It is normalized such that the Noether charge density n5
counts þ1 for right-chiral fermions and −1 for left-chiral
fermions. The Noether current is not conserved locally,
because the axial-vector symmetry is anomalous in QED,
but also because the interactions giving rise to the washout
and source terms must explicitly break the symmetry.
Consequently, the continuity equation for chiral charge is

∂

∂t
n5 þ ∇ · j5 ¼ 8

1

ℏ
α

4π
E · B − Γ5n5 þ S5: ð8Þ

The first term on the right is the axial-vector anomaly,
∂μj

μ
5 ¼ −2 1

ℏ
α
4πFμνF̃μν, where the factor of 2 accounts for

electrons and positrons. See Chapter 19 of Ref. [57] for
additional discussion.
To evaluate the chiral current density, we assume a linear

constitutive relation j5 ¼ n5u −D5∇n5. Here we have
introduced the parameter D5, which is the diffusion
coefficient for chiral charge. To evaluate the chiral charge
density, we assume that the system consists of an electron-
positron plasma at temperature T with a small chiral

asymmetry (μ5 ≪ T). Then, the chiral charge density is
approximately n5 ≈ ðk2B=½ℏ3c3�Þðμ5T2=3Þ, where μ5 ¼
ðμR − μLÞ=2 ¼ ðμeþR þ μe−R − μeþL − μe−LÞ=4. Multiplying

Eq. (8) by ðℏ3c3=k2BÞð3=T2Þð2α=½πℏc�Þ yields Eq. (7b),
and we identify the scaled source:

S̃5ðtÞ ¼
�
ℏ3c3

k2B

��
3

T2

��
2α

πℏc

�
S5ðtÞ

¼ ˜̄S5
t
tϕ
e−ðt

2−t2ϕÞ=ð2t2ϕÞ;

where ˜̄S5 ¼ 3
ffiffiffiffiffi
gE

p ffiffiffi
e
5

r
Mplα

cmϕt2ϕ
ϵβΩϕ: ð9Þ

Note that we have introduced the reduced Planck mass
Mpl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðℏcÞ=ð8πGÞp
≈ 4.3× 10−9 kg and used the relation

ρradðτϕÞ ¼ 3cM2
plH

2ðτϕÞ=ℏ ¼ Mplk2BT
2ðτϕÞπ ffiffiffiffiffi

gE
p

HðτϕÞ=
ð ffiffiffiffiffi

10
p

ℏ2cÞ, where HðτϕÞ is the Hubble rate at the cosmic
time τϕ. This relation is satisfied during radiation domi-
nation. We can read off the chiral feedback parameter,
which is found to be λ ¼ ðℏ3c3=k2BÞð3=T2Þð2α=½πℏc�Þ×
ð8=½ℏc�Þðα=½4π�Þ giving

λ ¼ λ⋆ ≡
�
ℏc
k2B

��
12α2

π2T2

�
; ð10Þ

which agrees with the value used in Ref. [58]. For our
numerical studies, we explore different values of λ, so we
denote this theoretically-preferred “fiducial” value by λ⋆.
It is worth reiterating that all of the formulas here are

expressed in terms of comoving quantities, such as the
comoving chemical potential μ5 ¼ aμ5;phys and the comov-
ing temperature T ¼ aTphys. While the universe expands
and cools adiabatically, T is approximately static.

IV. CHIRAL PLASMA INSTABILITY

The equations of χMHD admit an instability, known as
the CPI, toward the growth of a helical magnetic field [5].
To identify the instability, it is sufficient to set u ¼ 0 in
Eq. (7a), which becomes

∂

∂t
A − η∇2A − ημ̃5∇ × A ¼ 0: ð11Þ

Note that we have used the radiation gauge with V ¼ 0 and
∇ · A ¼ 0, where the latter is a consequence of V ¼ 0 and
the neutrality of the plasma Q ¼ 0, such that ∇ · E ¼ 0.
The vector potential may be decomposed into Fourier
modes Aðx; tÞ ¼ R

d3k
ð2πÞ3 AkðtÞeik·x, and further decomposed

onto a basis of right- and left-handed circular polarization
modes AkðtÞ ¼ Ak;þðtÞϵ̂k;þ þ Ak;−ðtÞϵ̂k;−. In terms of these
variables, the equation of motion becomes

2We also note that the ∇ · ðρuÞ term in Eqs. (7c) and (7d) has
been corrected in Ref. [56] to ρ∇ · uþ 1

2
u · ∇ρ in the subrela-

tivistic limit. However, this modification is expected to be
negligible for the CPI as velocity fields driven by the magnetic
field are mostly vortical, reducing the impact of density pertur-
bations in the dynamics.
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∂

∂t
Ak;� þ ðηjkj2 ∓ ημ̃5jkjÞAk;� ¼ 0: ð12Þ

If μ̃5 ¼ 0, then Ak;� ∝ exp½−ηjkj2t� decays at a rate con-
trolled by the magnetic diffusivity η. If μ̃5 > 0, then the
positive-helicity modes Ak;þ with jkj < μ̃5 are unstable.
If μ̃5 < 0, then the negative-helicity modes Ak;− with
jkj < −μ̃5 are unstable. This is a tachyonic instability that
only impacts long-wavelength modes.
It is customary to study the CPI in a system without

chiral sources (S̃5 ¼ 0), without chirality erasure (Γ5 ¼ 0),
and with a nonzero initial chiral asymmetry [μ̃5ðtiÞ ≠ 0].
For such a system, it is useful to identify kCPI ¼ jμ̃5ðtiÞj and
note that the long-wavelength modes with jkj < kCPI
are unstable. The instability develops most quickly for
modes with wave number jkj ¼ kCPI=2, which begin to
grow exponentially (while μ̃5 is initially approximately
constant) on a time scale tCPI ¼ 4=ηk2CPI, defined such that
AkCPI;� ∝ et=tCPI , where the unstable mode is determined by
the sign of μ̃5.
As the CPI develops, the chiral asymmetry is converted

into magnetic helicity density. This can be understood from
Eq. (8) by noting that

∂

∂t
hM ¼ −2chE · Bi ¼ −

πcℏ
α

λ⋆
λ

∂

∂t
hn5i; ð13Þ

where we have defined the magnetic helicity density,

hM ¼ hA · Bi ¼ 1

V

Z
d3xA · B: ð14Þ

Angle brackets denote volume average, and the terms
corresponding to divergence of fluxes vanish in a periodic
volume. Note that we have assumed S̃5 ¼ Γ5 ¼ 0 for this
conservation law to be satisfied, and we allow λ ≠ λ⋆ in our
numerical studies. In terms of the chiral chemical potential,
the resultant comoving helicity density is estimated as

ΔhM ¼ −
k2B
ℏ2c2

λ⋆
λ

π

3α
Δhμ5iT2; ð15aÞ

and recall that μ̃5 ¼ 2αμ5=ðπℏcÞ. Since the derivation has
assumed a small chiral asymmetry, this formula is only
valid for jΔhμ5ij ≪ kBT. We estimate the maximum
comoving helicity density to be

ΔhM ≈ −ð1.06 × 10−18 GÞ2 Mpc a30

×

�
λ⋆
λ

��
Δhμ5i
kBT

��
gS

106.75

�
−1
; ð15bÞ

where gS is the adiabatic number of degrees of freedom in
the plasma at the time when the CPI develops. For this
estimate, we have assumed radiation domination with gE ¼
gS ¼ 106.75 effective relativistic degrees of freedom,

we assume comoving entropy conservation between the
electroweak epoch and today, and we denote the scale
factor today as a0. We will consider these assumptions
for all the remaining numerical estimates. Note that to
convert between energy density and G2, we use the relation
G2=2 ≈ 24.8 GeV=cm3 in Eq. (15b). For reference, the
TeV blazar observations based on time-delayed γ-ray
emission favor a nonzero magnetic field with B2λB ≳
ð1.8 × 10−17 GÞ2 Mpc a30; see the diagonal boundary on
Fig. 5 of Ref. [59]. For a maximally-helical magnetic field,
jΔhMj ≈ B2λB, and otherwise the helicity is smaller. There-
fore, as emphasized by the authors of Ref. [17], the CPI is
unable to generate a strong enough magnetic field to
explain the blazar observations. The preceding discussion
assumes that the chiral asymmetry is not being sourced. In
the next section, we discuss how the development of the
CPI is affected by the presence of a source.

V. DEVELOPMENT OF CPI WITH A SOURCE

We are interested in a system with chiral sources, which
cause the chiral chemical potential to grow in time. If the
parameters are chosen such that Γ−1

5 ≪ tcross ≪ tϕ, where
tcross is defined below, then the evolution with conformal
time t can be understood as follows. We assume that the
comoving Γ5 is constant in time during the sourcing
process:
(a) ti < t < Γ−1

5 ∶ Initially, the chemical potential rises
from zero ∝ t2, because

μ̃5ðtÞ ≈
Z

t

ti

dt0S̃5ðt0Þ ≈
ffiffiffi
e

p ˜̄S5t2=ð2tϕÞ; ð16Þ

This follows from Eq. (7b) when μ̃5 ≈ 0 and B ≈ 0.
(b) Γ−1

5 < t < tcross∶ Subsequently the chemical potential
rises ∝ t1 and tracks

μ̃5ðtÞ ≈ S̃5ðtÞ=Γ5; ð17Þ

where S̃5ðtÞ is given by Eq. (9). Since chirality-
violating reactions are in equilibrium on timescales
that are longer than Γ−1

5 , the washout term in Eq. (7b)
would drive μ̃5 to zero if no sources were present.
However, the nonzero source shifts the equilibrium
point away from zero, and prevents the complete
erasure of the chiral asymmetry;

(c) t ¼ tcross∶ While μ̃5ðtÞ is growing, the time scale
for the CPI is decreasing tCPIðtÞ ¼ 4=½ηk2CPIðtÞ� ¼
4=½ηjμ̃5ðtÞj2�. The CPI begins to develop when t first
exceeds tCPIðtÞ, which happens at a time

tcross ¼ tCPIðtcrossÞ ≈
22=3t2=3ϕ Γ2=3

5

˜̄S2=35 η1=3
: ð18Þ
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The first equality defines tcross. The second equality
was derived assuming Γ−1

5 < tcross < tϕ, using

Eq. (17), and approximating S̃5 ≈
ffiffiffi
e

p ˜̄S5t=tϕ. If instead
tcross > tϕ then the source turns off before the CPI
occurs, and there is no magnetic field amplification.
Note that the instability scale is set by

kcross ¼
1

2
kCPIðtcrossÞ ≈

˜̄S1=35

21=3t1=3ϕ Γ1=3
5 η1=3

; ð19Þ

which represents the most rapidly growing mode at
tcross. The CPI leads to the amplification of a helical
magnetic field from an initial seed field, as we
discussed at Eq. (15);

(d) tcross < t < tϕ∶ The source remains active while the
CPI is developing. As a result we expect to see a
sustained production of helical magnetic field across a
range of scales. This is because the instability begins
at time tcross on scales set by kcross ¼ 1

2
μ̃5ðtcrossÞ, but

soon afterward μ̃5ðtÞ grows ∝ t to track the increasing
source (17), which shifts the CPI to larger k ¼ 1

2
μ̃5ðtÞ

and, hence, smaller length scales;
(e) t ¼ tϕ∶ As the source reaches its maximum value

S̃5ðtϕÞ ¼ ˜̄S5, the equilibrium chemical potential (17)

also reaches its maximum μ̃5ðtϕÞ ≈ ˜̄S5=Γ5. At this time
the CPI is active at the largest wave numbers, with the
fastest growth occurring at

kϕ ¼ 1

2
kCPIðtϕÞ ¼

1

2
μ̃5ðtϕÞ ≈

1

2
˜̄S5=Γ5: ð20Þ

All in all, because the source grows the chiral chemical
potential, the CPI instability scale scans across a range
of wave numbers kcross < k < kϕ.

(f) tϕ < t∶ The source term becomes exponentially sup-
pressed for t≳ tϕ. If no CPI has occurred, then μ̃5ðtÞ
will track the equilibrium solution (17) and drop to
zero. However, if the CPI has taken place, then the
system contains a helical magnetic field. The slowly-
decaying helicity of the magnetic field also acts
as a source of chirality [60–65], which corresponds
to the Chern-Simons term in Eq. (7b), λcE · B ¼
1
c ληJ · B − ημ̃5B2. As a result, a new equilibrium
solution is reached where,

μ̃5ðx; tÞ ≈
λη

Γ5 þ ληB2
B · ∇ × B

≈
λη

Γ5

B · ∇ × B: ð21Þ

The second approximation is satisfied when
ληjBj2=Γ5 ≪ 1. As the magnetic field slowly decays,
the chiral chemical potential relaxes toward zero.

In this phase, the chiral chemical potential becomes
inhomogeneous due to the sourcing from the helical
magnetic field. In previous stages, since the source is
assumed to be homogeneous, also μ̃5 remains approx-
imately homogeneous.

In the remainder of this section we estimate the magnetic
helicity that is expected to arise from these dynamics.
Previously at Eq. (15) we presented a conservation law for
magnetic helicity that was derived by setting S̃5 ¼ Γ5 ¼ 0.
When either the source or washout are nonzero, the more
general relation may be derived from the equation of
motion for μ̃5 (7b) by integrating over time and averaging
over space. Doing so leads to the following conserva-
tion law,

ΔhtotðtÞ ¼
2

λ

Z
t

0

dt0
�
S̃5ðt0Þ − Γ5hμ̃5iðt0Þ

�
; ð22Þ

where htot ¼ hM þ 2
λ hμ̃5i is the total net helicity, composed

of the magnetic helicity and the chiral chemical potential.
During the initial stage of the evolution, before tcross, the

CPI has not yet kicked in and, hence, we do not expect
significant evolution of the magnetic helicity but just
fluctuations from the initial conditions. However, during
this period, we expect to have production of htot in the form
of the chiral chemical potential, which will be eventually
converted into magnetic helicity. During the initial regime
of the evolution ti < t < Γ−1

5 ,

Δhtotðt < Γ−1
5 Þ ≈ 2

λ
μ̃5ðtÞ ≈

ffiffiffi
e

p ˜̄S5t2

λtϕ
: ð23Þ

At time Γ−1
5 < t≲ tϕ, the chiral chemical potential is the

result of a balance between the source and the washout
terms, μ̃5ðtÞ ≈ S̃5ðtÞ=Γ5 in Eq. (17). During this period, the
integrand in Eq. (22) is close to zero. However, it is not
exactly zero, as we have a residual dependence from the
equation of motion (7b),

S̃5 − Γ5hμ̃5i ≈
∂

∂t
hμ̃5i þ λη

	�
μ̃5B −

1

c
J

�
· B



: ð24Þ

While the strength of the magnetic field is negligible,

S̃5 − Γ5hμ̃5i ≈
∂

∂t
hμ̃5i; ð25Þ

which implies Δhtot ≈ 2
λΔμ̃5 also during this stage. Hence,

as μ̃5 grows following the source, htot grows and, after the
source (and μ̃5) reaches its maximum value, it starts to
decrease. Once the CPI starts at t≳ tcross, the magnetic
helicity grows exponentially and saturates shortly after tϕ,
at tsat ≳ tϕ. After this time, the chiral chemical potential
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balances with the Chern-Simons term as described in
Eq. (21). Therefore, the saturated value of the magnetic
helicity can be estimated as

hMðt > tsatÞ ≈
ffiffiffi
e

p ˜̄S5
λtϕΓ2

5

þ 2

λ

�
μ̃5ðtsatÞ − μ̃5ðΓ−1

5 Þ�

− 2η

Z
t

tsat

dt0hB · ∇ × Bi; ð26Þ

where we have assumed that the condition ληjBj2=Γ5 ≪ 1
is satisfied. If this is not the case, it is enough to include
the additional term in the denominator in Eq. (21).
Furthermore, if the amplitude of the magnetic field result-
ant from the CPI is small, then the terms proportional to
hB · Ji can be neglected, leading to the following estimate
of the magnetic helicity produced from the CPI with a
source,

hM ≈
ffiffiffi
e

p ˜̄S5
λtϕΓ2

5

≈
ffiffiffi
e

p
2tϕΓ5

×
2 ˜̄S5
λΓ5

; ð27Þ

where we have also assumed that μ̃5ðΓ−1
5 Þ ≈ μ̃5ðtsatÞ. Note

that the second equality expresses hM as a fractionffiffiffi
e

p
=ð2tϕΓ5Þ of the magnetic helicity that would be pro-

duced in the absence of washout and source terms if the
maximum chiral chemical potential at tϕ in our model
would be converted into magnetic helicity. For this esti-
mate, we have considered the time-dependent source S̃5ðtÞ
according to Eq. (9). The exact value of the resultant
magnetic helicity as given in Eq. (27) can be sensitive to
S̃5ðtÞ. However, as can be seen in Eq. (27), we expect hM to
mostly depend on two main properties of the source: its

characteristic strength ˜̄S5 and duration tϕ. In the following
sections we compare this analytical approximation with the
result of direct numerical computation.

VI. PARAMETER ESTIMATES

In this section, we discuss the parameters of sourced
χMHD (7), assuming that the source S5ðtÞ has the func-
tional form shown in Eq. (5). We also have the relations

η ¼ c2=σ, α ¼ e2=ð4πℏcÞ ≈ 1=137, the expression for ˜̄S5
from Eq. (9), and the expression for λ⋆ from Eq. (10). To
provide numerical estimates of the parameters, we suppose
that the source is active during the electroweak epoch in the
early Universe, just before the electroweak phase transition.
Then dimensionful quantities are expressed using the
units shown in Table I. In a radiation-dominated uni-
verse with physical temperature Tphys;�, gE;� effective
relativistic degrees of freedom, and gS;� effective adiabatic
degrees of freedom, the average energy density is ρphys;� ¼
k4Bπ

2gE;�T4
phys;�=ð30ℏ3c3Þ and the Hubble expansion rate is

Hphys;� ¼ ½ℏρphys;�=ð3cM2
plÞ�1=2. Our units of time, length,

and energy are chosen to be a Hubble time, a Hubble
length, and a Hubble energy.
It is useful to note the conversion μ̃5 ¼ 2αμ5=ðπℏcÞ. In

terms of the fiducial length and temperature, this implies

μ5
kBT�

≈ ð3.02 × 10−14Þ
�
μ̃5
l−1�

�

×

�
Tphys;�

100 GeV=kB

��
gE

106.75

�
1=2

: ð28Þ

Our calculation assumes μ5=ðkBT�Þ ≪ 1, which corre-
sponds to μ̃5=l−1� ≪ 1014 for the fiducial parameters.
Prior to the electroweak phase transition, it is more accurate
to talk about the hypermagnetic field rather than the
electromagnetic field, and the chiral asymmetry is only
carried by the right-chiral electrons and left-chiral posi-
trons. However, these subtleties only impact our calcula-
tions modulo order one factors, and we neglect them going
forward. See Ref. [66] for additional discussion.

TABLE I. Units of temperature, time, length, and energy.

Name Symbol Relation Value

Physical temperature Tphys;� … 100 GeV=kB
Comoving temperature T� a�Tphys;� ð7.77 × 10−5a0 eV=kBÞð gE;�

106.75Þ−1=3
Scale factor a� ðgS;0gS;�

Þ1=3ðTphys;0

Tphys;�
Þa0 ð7.77 × 10−16a0Þð gS;�

106.75Þ−1=3ð
Tphys;�

100 GeV=kB
Þ−1

Cosmic time tc;� 1=ð2Hphys;�Þ ð2.34 × 10−11 sÞð gE;�
106.75Þ−1=2ð

Tphys;�
100 GeV=kB

Þ−2
Conformal time t� 2tc;�=a� ð6.03 × 104 s=a0Þð gS;�

106.75Þ1=3ð gE;�
106.75Þ−1=2ð

Tphys;�
100 GeV=kB

Þ−1
Physical length lphys;� c=Hphys;� ð1.40 cmÞð gE;�

106.75Þ−1=2ð
Tphys;�

100 GeV=kB
Þ−2

Comoving length l� lphys;�=a� ð1.81 × 1015 cm=a0Þð gS;�
106.75Þ1=3ð gE;�

106.75Þ−1=2ð
Tphys;�

100 GeV=kB
Þ−1

Physical energy Ephys;� ρphys;�l3phys;� ð1.27 × 1060 eVÞð gE;�
106.75Þ−1=2ð

Tphys;�
100 GeV=kB

Þ−2
Comoving energy E� a�Ephys;� ð9.84 × 1044a0 eVÞð gS;�

106.75Þ−1=3ð gE;�
106.75Þ−1=2ð

Tphys;�
100 GeV=kB

Þ−3
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One advantage of working in a plasma at (or above) the
electroweak scale is that the electroweak symmetry is
unbroken, and since all particles are massless, the various
properties of the plasma are only controlled by the plasma
temperature. We take D5 ¼ ν ¼ η for simplicity, and
we adopt the approximation σ⋆ ≈ kB

ℏ ð1 × 102ÞT� [67].
We calculate λ⋆ ≈ ℏc

k2B
ð6.5 × 10−5ÞT−2� using Eq. (10).

Scattering reactions that lead to chiral charge erasure are
mediated by the electron’s Yukawa interaction. Based on
Ref. [43], we estimate the chirality erasure rate as Γ5;⋆ ≈
kB
ℏ ð1.3 × 10−2Þy2eT� where ye ≈ 2.94 × 10−6 is the electron
Yukawa coupling. These estimates are summarized in the
“Fiducial” row of Table II, where we omit the dependency
on T�, gE, and gS for simplicity. Note that the product
ληjBj2=Γ5 appearing in Eq. (21) is

λ⋆η⋆B2

Γ5;⋆
≈
ℏ3c3

k4B
ð6.5 × 10−5Þy−2e T−4� B2

≈ ð4.1 × 108ΩBÞ
�

gE
106.75

�
; ð29Þ

where ΩB ¼ 1
2
B2=ðE�l−3� Þ.

The expected magnetic helicity is given by Eq. (27), and
evaluating this formula for the fiducial parameters:

ΔhM ≈ ð1.5 × 10−19 GÞ2 Mpc a30

�
tϕ;⋆
tϕ

��
Γ5;⋆

Γ5

�

×

�
λ⋆
λ

��
μ5ðtϕÞ
kBT�

��
gS

106.75

�
−1
: ð30Þ

This is slightly smaller than the expected magnetic helicity
calculated using Eq. (15), which ignores the source and
washout terms. However, we note that the inclusion of a

sourcing mechanism allows to justify that the CPI arises in
the electroweak epoch around 100 GeV.
The amplitude of the chiral source is given by Eq. (9),

and evaluating this formula for the fiducial parameters:

˜̄S5;⋆ ≈ ð1.62 × 1013l−1� t−1� Þ
�

gE
106.75

�
1=2

�
ϵβΩϕ

10−5

�

×
�

mϕc2

100 GeV

�
−1
�

tϕ
tϕ;⋆

�
−2
: ð31Þ

Note that the free parameters are tϕ, mϕ, ϵ, β, and Ωϕ, but
they only contribute to the source through the product
˜̄S5 ∝ t2ϕϵβΩϕ=mϕ. To obtain a reasonable estimate for the

source, we fiducialize to ϵβΩϕ¼10−5,mϕ≈kBTphys;�=c2¼
100GeV=c2, and tϕ;⋆ ¼ 0.05t�. An arbitrarily smaller
source is also possible (e.g., if jϵj ≪ 1). On the other
hand, a much larger source would come into conflict with
our assumption that the chemical potential is small. The
condition μ5=ðkBT�Þ ≪ 1 implies μ̃5=l−1� ≪ 3 × 10−14,
˜̄S5 ≪ 2.6 × 1016l−1� t−1� , and ϵβΩϕ ≪ 10−2 via Eqs. (9),
(17), and (28).
The fiducial time scales are estimated to be

Γ−1
5 ¼ ð1.25 × 10−3t�Þ

�
Γ5

Γ5;⋆

�
−1
; ð32aÞ

tcross ≈ ð2.6 × 10−2t�Þ
�

tϕ
tϕ;⋆

�
2=3

�
Γ5

Γ5;⋆

�
2=3

×

�
η

η⋆

�
−1=3

� ˜̄S5
˜̄S5;⋆

�
−2=3

; ð32bÞ

tϕ ¼ ð0.05t�Þ
�

tϕ
tϕ;⋆

�
; ð32cÞ

where we have used the formula for tcross in Eq. (18). For
our numerical simulations, we would like to have the time
scales well-separated and ordered such that Γ−1

5 ≪
tcross ≪ tϕ. For simulation runs A and A� in Table II,
which start at time ti ¼ 10−5t� and end at tf ¼ 2t�, the time
scales are ti ≪ Γ−1

5 ¼ 10−3t� ≪ tϕ ¼ 0.05t� ≪ tf.
The fiducial length scales are estimated as follows. We

suppose that the equations of χMHD are solved on a three-
dimensional cubic lattice with N sites per side spaced
uniformly in intervals of δx, spanning a distance Nδx. We
identify the corresponding wave numbers as kmin ¼
2π=ðNδxÞ and kmax ¼ Nkmin=2 ¼ π=δx. Using the fiducial
parameter values in Table II and the formulas for kcross and
kϕ in Eqs. (19) and (20), we estimate the wave numbers:

kmin ¼ ð2.0 × 102l−1� Þ
�

kmin

200l−1�

�
; ð33aÞ

TABLE II. Parameter values. Units are multiples of the comov-
ing Hubble energy and length, E� and l�, and conformal time, t�.
Fiducial values are present to make a conversion from code units
to physical ones. Simulations use N ¼ 256 sites (1024 for A�)
with periodic boundary conditions, corresponding to a range of
wave numbers from kmin ¼ 500l−1� (200l−1� for A�) to kmax ¼
5.0 × 103l−1� (1.0 × 105l−1� for A�).

Label η ¼ D5 ¼ ν λ Γ5
˜̄S5 tϕ

Units l2�t−1� l�E−1� t−1� l−1� t−1� t�

Fiducial 1.4 × 10−18 1.2 × 1029 8.0 × 102 1.6 × 1013 0.05

A 10−6 108 103 4 × 107 0.05
A� 10−6 108 103 4 × 107 0.05
B 10−6 1.6 × 109 103 4 × 107 0.05
C 10−6 1.6 × 1010 103 4 × 107 0.05
D 10−6 1012 103 4 × 107 0.05
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kcross ≈ ð5.2 × 109l−1� Þ
�

tϕ
tϕ;⋆

�
−1=3

�
Γ5

Γ5;⋆

�
−1=3

×

�
η

η⋆

�
−1=3

� ˜̄S5
˜̄S5;⋆

�
1=3

; ð33bÞ

kϕ ≈ ð1.0 × 1010l−1� Þ
�

Γ5

Γ5;⋆

�
−1
� ˜̄S5
˜̄S5;⋆

�
; ð33cÞ

kmax ≈ ð1.0 × 105l−1� Þ
�

N
1024

��
kmin

200l−1�

�
: ð33dÞ

For our numerical simulations, we would like to have the
length scales well-separated and ordered such that
kmin ≪ kcross ≪ kϕ ≪ kmax. For simulation runs A and
A� in Table II, we estimate kcross ≈ 7.4 × 103l−1� and
kϕ ≈ 2 × 104l−1� . Both length scales are well-resolved for
the simulations with N ¼ 256 and N ¼ 1024, for which
kmax ¼ 5 × 103 and 1.0 × 105l−1� , respectively.

VII. NUMERICAL χMHD SIMULATIONS

We solve Eqs. (7a)–(7d) using the Pencil Code [68], which
is a massively parallel code using sixth-order finite
differences and a third-order time stepping scheme that
can be used for MHD simulations in an expanding back-
ground. Fields are discretized on a three-dimensional
spatial lattice and evolved with time in steps of δt, which
is determined adaptively. For most figures presented in this
section, we use the parameter set A� in Table II, corre-
sponding to simulations with 10243 spatial grid points.
In order to solve Eq. (7) we specify initial conditions at

the initial time ti ¼ 10−5t�. These are chosen as

Aðx; tiÞ ¼ N ð10−12E1=2
� l−1=2� Þ; ð34aÞ

μ̃5ðx; tiÞ ¼ 0; ð34bÞ

uðx; tiÞ ¼ 0; ð34cÞ

ρðx; tiÞ ¼ E�l−3� : ð34dÞ

At each point in space, the Cartesian components of the
magnetic vector potential A ¼ ðAx; Ay; AzÞ are each drawn
independently from a normal distribution with mean equal
to zero and standard deviation shown in Eq. (34). This
white noise corresponds to a power spectrum dρB=d ln k ¼
k3

2π2
1
2
PBðkÞ ∝ k5 for the magnetic field and k3

2π2
PAðkÞ ¼

k2 k3

2π2
PBðkÞ ∝ k3 for the magnetic potential. The chiral

chemical potential μ̃5 is taken to be homogeneous and equal
to zero at the initial time, because the washout term would
send it to zero before the source begins growing around the
start of the simulation. The fluid velocity u is taken to be

homogeneous and equal to zero at the initial time, because
the plasma would not be turbulent before the onset of the
CPI. The fluid energy density ρ is taken to be homogeneous
and equal to the cosmological energy density initially.
Figure 2 shows the time evolution of the chiral chemical

potential hμ̃5ðtÞi. For reference, we also show the chiral
source S̃5ðtÞ, which is given by the formula in Eq. (9),
divided by Γ5. At early times t, such that ti ≤ t≲ Γ−1

5 , the
chemical potential rises from zero like ∝ t2, because
∂

∂t μ̃5 ∼ S̃5 ∝ t. At later times t, such that Γ−1
5 ≲ t≲ tcross,

the chemical potential rises like ∝ t1 and tracks μ̃5 ≈ S̃5=Γ5.
The CPI begins at t ≈ tcross, but the chemical potential
continues to grow, because the source remains active until
time tϕ. After this time, the source begins to drop to zero
exponentially quickly, and the chemical potential begins to
track J · B ∝ B · ∇ × B, according to Eq. (21). Note that for
this simulation, the contribution to the asymptotic value of
μ̃5 from the Chern-Simons term proportional to μ̃5jBj2 is
λη=Γ5 ¼ 0.1jB2j=ðE�l−3� Þ ≪ 1. For larger values of this
ratio, μ̃5 would follow the combination given in Eq. (21). At
late times, the slowly decaying magnetic helicity continues
to source the chiral asymmetry [6]. The chiral chemical
potential μ5 with units of energy may be calculated using
the conversion in Eq. (28).
Figure 3 shows the evolution of the root mean square

(rms) magnetic and velocity field strengths BrmsðtÞ ¼
hB2ðx; tÞi1=2 and urmsðtÞ ¼ hu2ðx; tÞi1=2. The initial white
noise (34) sets the starting value of Brms ∼ kmaxArms ∼
10−6E1=2

� l−3=2� . Initially, when the chiral chemical potential
and fluid velocity are negligibly small, the magnetic field
strength decreases as a consequence of the magnetic

FIG. 2. Evolution of the volume averaged chiral asymmetry.
We plot the comoving scaled volume averaged chiral chemical
potential hμ̃5ðx; tÞi in units of l−1� as a function of conformal time
t in units of t�. The chemical potential is calculated numerically
by solving the equations of χMHD for the run A� (see Table II).
For comparison, we also plot the comoving chiral source
S̃5ðtÞ=Γ5, and the Chern-Simons terms ηhμ̃5ihB2i=Γ5 and
ηλhJ · Bi=Γ5, in units of l−1� . Vertical dotted lines indicate the
time scales in Eq. (32).
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diffusivity. This can be understood from Eq. (12), which
leads to Ak;� ∝ e−ηjkj2t, and by noting that 1=ðηk2maxÞ ≈
10−6t� for the parameters in Table II. The high-k part of the
white-noise spectrum is dissipated most quickly, leaving
the lower-k spectrum intact. When the time reaches
t ≈ tcross ≈ 0.018t�, the CPI begins to develop and the
magnetic field strength grows very quickly. This growth
continues through the time t ¼ tϕ ¼ 0.05t� when the
source reaches its largest value. Afterward the source
begins to drop exponentially, the CPI ceases, and the
magnetic field strength decreases. The velocity field is
driven by the Lorentz force until it reaches equipartition
with the magnetic field at the end of the CPI. At later times,
the velocity field decays as a power law in time following
MHD turbulent decay.
Figure 4 shows the evolution of the total net helicity htot

and each of its contributions: the magnetic helicity hM and
the helicity associated to the chiral chemical potential,
2
λ hμ̃5i. Before the CPI hM is small, because the initial
condition has zero average helicity, and htot is dominated by
μ̃5. At times t ¼ Γ−1

5 , even though μ̃5 ≈ S̃5=Γ5, htot keeps
growing with time up to tϕ, as discussed around Eq. (25).
After this time, htot decreases until it equilibrates with the
produced magnetic helicity at around tsat. We find numeri-
cally that Δhtot, given by Eq. (22), is conserved in the
simulations with a relative error smaller than 10%.
When the CPI saturates, the magnetic field and fluid

begin to evolve together into a turbulent inverse cascade.
During the inverse cascade, the comoving magnetic helicity
density is approximately constant. This time is indicated in
the figures as tsat ≈ 0.15t�. This evolution is expected to
continue until recombination when the plasma converts into
neutral hydrogen, and afterward the comoving helicity
density of the freely-expanding magnetic field is also
constant. Consequently, the comoving magnetic helicity

density today is approximately equal to the value it reaches
after the CPI saturates. To convert between them, we use
the relation E�=l2� ≈ 1.97 × 10−21a30G

2 Mpc, where G2=2≈
24.8 GeV=cm3. The numerical value of the (roughly con-
stant) helicity at the end of the simulation (see Fig. 3)
is hM ¼ 2.89 × 10−5E�l−2� , which implies:

hM ≈ ð2.4 × 10−13 GÞ2 Mpc a30: ð35Þ

This agrees well with our analytical estimates. At Eq. (15)
we gave the magnetic helicity that results from the CPI
with a preexisting chiral asymmetry, assuming that the
source and washout can be neglected. By setting
μ̃5 ≈ 4 × 104l−1� , which is the maximum value seen on
Fig. 2, and using the conversion in Eq. (28), we estimate
hM ≈ ð1.3 × 10−12 GÞ2 Mpc a30. This is a factor of ∼30
larger than the numerical result (35), which is partly due to
neglecting the washout. At Eq. (27) we derived an approxi-
mation to the magnetic helicity that results from the
CPI in the presence of source and washout. Evaluating
that expression gives hM ≈ ð1.6 × 10−13 GÞ2 Mpca30,
which is in excellent agreement with the numerical
result (35). This agreement gives us confidence in the
approximations used to derive Eq. (27).
Since the next two figures show spectra, let us first

establish our conventions. The magnetic energy spectrum
dρB=d ln k is defined such that

ρBðtÞ ¼
1

2
hB2ðx; tÞi ¼

Z
∞

0

dk
k

dρB
d ln k

; ð36Þ

FIG. 3. Evolution of the root mean squared (rms) magnetic and
velocity fields. We plot the comoving rms field strength BrmsðtÞ in
units of E1=2

� l−3=2� and urmsðtÞ in units of l�t−1� as functions of
conformal time t in units of t�. Vertical dotted lines represent the
time scales in Eq. (32).

FIG. 4. Evolution of the magnetic helicity. We show the
magnetic helicity hM, the chiral chemical potential expressed
in units of helicity, and the integral leading to a change in the total
net helicity, Δhtot, where htot ¼ hM þ 2

λ hμ̃5i. The horizontal
dotted line corresponds to the estimate of the magnetic helicity
produced by the CPI with a source given in Eq. (27). The
numerical relative error jhtot − Δhtotj=jhtotj < 10% at all times in
the simulation, where Δhtot corresponds to the integral over
conformal time given in Eq. (22). Vertical dotted lines represent
the time scales in Eq. (32).
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and the magnetic helicity spectrum dhM=d ln k is defined
such that

hMðtÞ ¼ hAðx; tÞ · Bðx; tÞi ¼
Z

∞

0

dk
k

dhM
d ln k

; ð37Þ

where k ¼ jkj. These spectra are related to the power
spectra used in Ref. [33] by the relations PBðk; tÞ ¼
ð2π2=k3ÞdρB=d ln k and PaBðk; tÞ ¼ ðπ2=k2ÞdhM=d ln k.
The helicity spectrum is bounded by the energy spectrum
via the realizability condition −PB ≤ PaB ≤ PB, which
implies − dρB

d ln k ≤
k
2
dhM
d ln k ≤

dρB
d ln k, and we define the helicity

fraction εH ¼ ðk
2
dhM
d ln kÞð dρB

d ln kÞ−1, which is bounded by
−1 ≤ εH ≤ 1. To compare with the conventions in other
work, e.g., [17,66,69], note that EMðk; tÞ ¼ k−1dρB=d ln k
and HMðk; tÞ ¼ k−1dhM=d ln k.
Figure 5 shows the spectrum of magnetic energy

dρB=d ln k at several times while the CPI is developing.
The initial white-noise spectrum (34) corresponds to
dρB=d ln k ∝ k5. At early times the magnetic diffusivity
suppresses the spectrum at high wave number k. After the
time reaches t ≈ tcross, the CPI begins to develop at the scale
with wave number k ¼ kcross ≈ 7 × 103l−1� , and the mag-
netic field grows. As the chiral chemical potential continues
to increase, the scale of the CPI evolves to larger k, and
eventually reaches k ¼ kϕ ≈ 2 × 104l−1� when the source is
largest. Subsequently, the source decreases rapidly, and the
CPI is inactive. The magnetic field continues to freely
decay. When the magnetic field becomes fully helical, the
inverse cascade proceeds and the peak of the spectrum
evolves toward smaller k while tracing a power-law
envelope ∝ k1 [69].
Figure 6 shows the helicity fraction of the magnetic field.

At early times, the helicity of the white noise initial
condition is random and small. As the high-k modes of
the magnetic field decay due to magnetic diffusion, the

helicity fraction εH grows, since the denominator decreases
more quickly than the numerator. The fraction saturates to
εH ≈ 1 corresponding to maximal helicity. In fact, εH
becomes slightly larger than 1 as a result of small numerical
errors, and the singular nature of εH ∼ 0=0 when the field is
exponentially weak. At later times t > tcross, the CPI grows
the seed field, and a maximally helical field is reached for
modes with k ≈ kcross. As the peak of the spectrum evolves
toward smaller k during the inverse cascade, the maximal
helicity fraction εH ≈ 1 also shifts to smaller k.
All of the results presented thus far in this section were

for parameter setA� from Table II. In order to get a sense of
how varying parameters impacts the predicted magnetic
field, we present Fig. 7, which shows the magnetic field
evolution for several different values of the chiral feedback
parameter λ, corresponding to runs B, C, and D. Increasing

FIG. 5. Evolution of the magnetic spectra. We plot the
comoving magnetic energy density dρB=d ln k in units of
E�l−3� as a function of the comoving wave number k in units
of l−1� for several values of the conformal time t. Vertical dotted
lines represent the inverse length scales in Eq. (33).

FIG. 6. Helicity fraction. We plot the comoving magnetic
helicity density dhM=d ln k normalized to 2

k dρB=d ln k, which
is the dimensionless helicity fraction εHðk; tÞ. The realizability
condition requires this ratio to remain −1 ≤ εH ≤ þ1, where a
maximally-helical field saturates one of the inequalities. Vertical
dotted lines represent the length scales in Eq. (33).

FIG. 7. Magnetic (dashed), helicity (dashed-dotted), rms veloc-
ity of the fluid (dotted), and chiral chemical potential (solid)
fields volume averaged evolution for several values of λ. This
figure shows late time evolution as Fig. 3, but for each of the
parameter sets in Table II.
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λ leads to a stronger backreaction on the evolution of μ̃5
when the CPI develops and B grows; see Eq. (7b). As a
result, the final magnetic field is smaller. Consequently,
urms and hM are also smaller, while μ̃5 is larger, as inferred
from Eq. (21).

VIII. SUMMARY AND CONCLUSION

Since chirality-violating interactions come into equilib-
rium when the temperature of the primordial plasma drops
below 80 TeV, any preexisting chiral asymmetry will be
erased. However, a source for chirality counteracts its
washout, allowing for a nonzero chiral asymmetry even
below 80 TeV. The presence of a chiral asymmetry opens
the possibility of helical magnetic field generation via the
chiral plasma instability. In this work, we have studied the
chiral plasma instability in the presence of such a source,
together with nonzero chiral erasure rate.
We model the system as a fluid, whose constituents carry

both electric and chiral charge, which is therefore coupled
to electromagnetism. We study the dynamics of this system
with the equations of χMHD extended to include a source
term. We assume a particular functional form for the
source’s time dependence, which we motivate by consid-
ering the out-of-equilibrium decay of a metastable scalar
field. When selecting parameters, it is important to ensure
that the time scale for the CPI is short compared to the
lifetime of this scalar field, since otherwise the source will
deactivate before the instability has time to develop. We
solve the equations of χMHD using analytical approxima-
tions and numerical methods, the latter implemented in the
open-source Pencil Code.
Our calculations reveal that a source of chirality is

sufficient to induce the growth of a helical magnetic field
via the CPI even at plasma temperatures below 80 TeV
where the chirality-washout reactions are in equilibrium.
We track the evolution of the chiral chemical potential
and magnetic helicity in our analytical calculations, which
provide an understanding of the general time dependence,
and in our numerical calculations, which validate the
analytical approximations. The resultant magnetic helicity
is predicted in two ways. The relation in Eq. (27) is the
approximate comoving magnetic helicity density that we
expect to result from the CPI in the presence of both a source
and washout channel for chirality. We validate this approxi-
mate relation using direct numerical simulation of the χMHD
field equations. For the parameter values corresponding toA�
in Table II, our analytical approximation in Eq. (27) gives
hM ≈ ð1.6 × 10−13 GÞ2 Mpc a30, and our numerical calcula-
tion gives hM ≈ ð2.4 × 10−13 GÞ2 Mpc a30 in Eq. (35). The
excellent agreement gives us confidence in our analytical
approximations. Equation (27) is one of the main results of
our paper.
We conclude that, when a source for chirality is present,

the chiral charge erasure can be avoided. This allows
the chiral plasma instability to develop even after the

chirality-erasing reactions are in thermal equilibrium at
plasma temperatures below 80 TeV. Assuming a source of
chiral asymmetry is active at a relevant energy scale below
80 TeV, the sourced CPI can overcome the chirality-
flipping erasure and may play an important role in magnetic
field generation in the early Universe, for example during
the cosmological electroweak or QCD phase transition.
However the parameters that we have explored in our
numerical work were chosen to facilitate numerical calcu-
lations. If we instead use the Standard Model fiducial
values of the parameters λ and Γ5, see Eq. (10) and text
above Eq. (29), then Eq. (27) evaluates to

hM ≈ ð3.8 × 10−21 GÞ2 Mpca30

×

�
kBTphys;�
100 GeV

��
ϵβΩϕ

10−5

��
mϕc2

100 GeV

�
−1

×

�
tϕ

0.05t�

�
−3
�

Γ5

Γ5;⋆

�
−2
�
λ

λ⋆

�
−1
; ð38Þ

where we have also made reasonable choices for the
parameters associated with the source, namely ϵ, β, Ωϕ,
mϕ, and tϕ. We note that this result can be generalized to
different sourcing mechanisms. In general, we expect this
value to be a good estimate for sources whose strength is
characterized by ϵβΩϕ and have a duration tϕ. This level of
magnetic helicity would be inadequate to explain blazar
observations that provide evidence for a nonzero interga-
lactic magnetic field. Nevertheless, even such a weak field
could be strong enough to seed the galactic magnetic fields.
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DATA AVAILABILITY

The source code used for the simulations of this study,
the Pencil Code, is freely available from Ref. [70]. The
simulation setups and the corresponding data are freely

available from Ref. [71]. The calculations and routines to
reproduce the results of this work will be publicly available
as part of the public Python package CosmoGW in its next
release [72].
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