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ABSTRACT ARTICLE HISTORY
Silica fume is a valuable by-product of silicon and ferrosilicon produc- Received 10 September 2025
tion. It is therefore important to understand the impact on the silica Revised 23 February 2026
fume quality when converting the furnace feed from fossil-based to Accepted 28 February 2026
renewable reduction materials. Using self-consistent numerical simu-  keyworbps

lations of the nucleation and condensation process, we present Silicon production; silica
a detailed study of the silica fume formation process. It is found that fume; nucleation;

the most critical physical effect that determines the final particle size condensation; Brownian
distribution is coalescence due to Brownian motion. Furthermore, it is motion; numerical
crucial to use appropriate thermophysical parameters in order to simulations
reproduce reliable particle size distributions. Contrary to what has

been done in previous studies on the same topic, this is now done

by using reasonable expressions for surface energy, saturation pres-

sure and the nucleation pre-exponential factor. It is also found that

under conditions relevant to furnaces, the liberation of latent heat

leads to an explosive chain reaction of particle nucleation and con-

densation when the first particles nucleate and start growing due to

condensation. This process continues until the relative saturation

pressure of silicon dioxide is reduced to unity. Finally, it is found that

the Lagrangian approach for particle tracking is more flexible and

accurate, and also more CPU efficient, than the Eulerian approach.

Introduction

Refining natural metal oxide ores into metals requires a reducing agent to remove oxygen
from the ore. Some of the most common reducing agents used by the metallurgic industry
today are fossil carbon-based materials such as coal or coke. Utilization of fossil materials in
reduction processes results in large global CO, emissions. There is therefore a drive to
substitute fossil-based reducing agents with renewable materials, such as, e.g., bio-carbon.

When producing silicon or ferrosilicon, silica fume particles are a major by-product. Up
until the 1980s, the smoke consisting of silica fume particles from this production was an
environmentally challenging side stream, but since then silica fume has been turned into
a valuable commodity due to its use in various advanced materials. It is particularly valuable
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because of its use as pozzolan in high-performance concrete (in tunnels, bridges, sky-
scrapers, etc.), and its ability to significantly increase particle packing in refractory materials
(Friede and 2011).

The hardening of concrete is governed by cement hydration, where calcium silicate
phases react with water to form calcium - silicate — hydrate (C - S - H) phases, which
constitute the primary binding component responsible for strength development. As
a highly reactive amorphous silicon dioxide, silica fume participates in pozzolanic reactions
with calcium hydroxide released during hydration, promoting the formation of additional
C - S - H and contributing to a denser and stronger cementitious matrix (Friede and 2011;
Friede and Gaillou 2018). Many other pozzolanic materials exist, both natural (volcanic
ashes, pumicites, tuffs) and industrial (fly ash, metakaolin, risk husk ash, granulated blast
furnace slag), but silica is preferred due to its excellent physico-chemical properties. In
particular, amorphous silica has a higher solubility as compared to silicates or crystalline
silica, thus, making more SiO, available for the reaction with lime (Ca(OH)2) to form the
CSH-phases. Also, the high surface area (15-30 m?/g), and correspondingly small particle
size (D50 = 150 nm), makes more soluble SiO, available and improves the particle packing,
thus, filling all voids and making a gas-tight cement (which is important for e.g. oil-well
drilling), as well as preventing migration of chloride ions that would lead to corrosion and
alkali-silica-reaction (ASR). Please note that even higher surface area would actually cause
rheological problems. This is the reason why synthetic amorphous silica (SAS, precipitated
or fumed silica) is not used in concrete. Finally, the spherical particle shape of silica fume
exhibits a ball bearing effect, which reduces the water content required for mixing, resulting
in less evaporation, shrinkage and crack formation. In addition, with respect to sustain-
ability, the utilization of industrial by-products as pozzolan in concrete is beneficial since it
avoids the need for landfill.

Silica fume coming from silicon and ferrosilicon furnaces consists of non-porous,
spherical nanoparticles of almost pure amorphous silicon dioxide (Friede and Gaillou
2018). When converting these furnaces process from fossil-based to bio-based reducing
agents, it is crucial that the quality of the silica fume is not degraded. It is therefore
important to fully understand the mechanisms by which the silica fume particles are
formed. Such knowledge can then be used to optimize the production process in order to
maintain a stream of high-quality silica fume also for bio-based reducing agents. In
particular, it is important to (i) maintain a high purity material with negligible amounts
of contamination from the bio-based reducing agent, and (ii) have approximately the same
physico-chemical properties, such as pozzolanic activity and particle-size distribution of
silica fume as with fossil-based reducing agents.

The gaseous silicon-dioxide that will eventually form the amorphous silica fume particles
is produced by combustion of silicon-monoxide (SiO) that emerges from the furnace charge
together with carbon-monoxide (CO) (Schei et al. 1998). When the mixture of SiO and CO
meet the air that flows into the furnace above the charge, it burns in an intense flame right
above the charge due to the high oxygen affinity of silicon.

The silicon atom in molecular SiO, has a coordination number of 2, and is therefore in
a high energy, unstable state since its preferred coordination number is 4 (SiO ; ), as it can
be seen in most crystalline and amorphous silica polymorphs and silicates.

The combustion products are carbon-dioxide (CO,) and silicon-dioxide (SiO,):



COMBUSTION SCIENCE AND TECHNOLOGY e 3

1
SiO + xCO +5(1 +x)0; — Si0; 4 xCO,, (1)

where x denotes the fraction of CO over SiO. Note that this is a global reaction that is not
directly used in the simulations. Instead, a reaction scheme consisting of ten sub-reactions is
utilized to obtain the results presented in the present paper.

SiO; molecules will start to nucleate into SiO, particles in the post-flame region.
Molecular SiO, that is still in the gas phase will then condensate on these nuclei, or
generate new nuclei. Already in 1971, Ulrich studied the formation of pyrogenic silica,
also known as fumed silica (Ulrich 1971). He found that the minimum nucleation radius
is smaller than the size of a single molecule, which contradicts the findings of later
authors. The results of Ulrich (Ulrich 1971) are therefore not directly useful for this
study. More recently, in 2020, Gonzalez-Farina made a numerical study of the formation
of silica fume in her PhD thesis (Gonzalez-Farina 2020) and also in a separate journal
paper (Gonzalez-Farina R, Munch A, et al. 2020). Finally, in 2022, Vachaparambil et al.
(2022) used OpenFoam to investigate the formation of silica fume in a simplified two-
dimensional geometry of the furnace hood. To the best of our knowledge the above-
mentioned works are the only publications available in the open literature that use
numerical simulations to study the evolution of silica fume from the silicon and ferro-
silicon industries. Although some work has been done related to the formation of silica
fume, there is limited literature available that describes in detail how silica fume is
formed (Andersen et al. 2023).

Due to more stringent restrictions on emissions of nitrogen-oxides (NO ) Cusano, since
the early 2010s several papers and PhD theses have used numerical simulations to study
how the combustion of SiO influences NO, emissions from silicon producing furnaces
(Panjwani et al. 2011; Kamfjord 2012; Myrhaug et al. 2012; Olsen et al. 2012; Brede 2013;
Neess 2013; Panjwani and Olsen 2013). These works did not, however, consider silica fume.
Furthermore, in the work of Sloman et al. (2017), the authors studied the heat and mass
transfer in a silicon pilot furnace with a focus on the charge zone.

In the current work, the aim is to perform detailed simulations of SiO/CO oxidation and
the resulting nucleation and condensation of SiO,. This will be done by incorporating all
relevant physical and chemical effects and by using the best available values for the relevant
parameters. In order to start building a fundamental understanding of the evolution of silica
fume particles, the focus here is on homogeneous conditions. This means that the gaseous
reactants are considered premixed and that there are no spatial gradients in the domain.
The extension to non-premixed and non-homogeneous conditions will be studied in later
works.

In this study, silica fume formation is investigated under homogeneous (zero-
dimensional), premixed conditions in order to isolate the fundamental physical and che-
mical mechanisms governing nucleation, condensation, and coagulation. The model solves
the coupled gas-phase chemistry and particle evolution equations self-consistently. Particle
growth is described using classical nucleation theory combined with condensation and
Brownian coalescence, implemented through a Lagrangian super-particle method.
Thermophysical properties such as surface energy, saturation pressure, and nucleation
prefactors are selected based on physically consistent literature values. The numerical
framework and its validation are described in detail in Particle equations-3.
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Particle equations

We begin by comparing two numerical approaches for the particles: the Lagrangian and
Eulerian approaches. The focus is nevertheless on the Lagrangian approach, which will be
presented next, while the Eulerian particle approach is presented in Appendix A.

Due to the enormous number of particles involved in the applications we are interested
in, it is not feasible to track every single particle. Instead we lump similar particles together
in what we call swarms (or super-particles). All the individual particles in a swarm are
identical in size, velocity and temperature, and they are assumed to be homogeneously
distributed within the nearest grid cell with a particle number density of n**. Further details
regarding our implementation of the swarm or super-particle approach are given elsewhere
(Li et al. 2022).

The evolution equation for each particle position is given by

dx
d—f =, )

where v, is the particle velocity. The particle velocity equation reads,’

vy

o _agmg _|_ul]§ar01vvn7 (3)

where

vV, — U
a}cjlmg _’r ( 4)
Tp

is the particle acceleration due to drag from the gas phase, u is the velocity of the carrier
fluid, and

is the particle acceleration due to Brownian forces. A validation of this expression for
Brownian motion of particles is found in Appendix B. For the particles of interest, the
particle radius r, is smaller than the mean free path of the carrier fluid. The particle
response time is therefore given by the Epstein expression:

AL ©)

Csp

where ¢; is the speed of sound, and p and p, are the material densities of the fluid and the
particles, respectively. In the expression for the Brownian acceleration, At is the time-step of
the simulation, m, is the particle mass and #, is a vector where each element has a zero-
mean, unit variance, independent Gaussian random number. For numerical stability, the
time step must be smaller than the particle response time. Due to the small radius of the
particles of interest here, the response time given by Eq. (6) becomes very short - resulting
in correspondingly short time steps. To avoid the problem of too small time steps of the

‘Formally, there should have been a term due to gravitational acceleration in Eq. (3), but for silica fume particles this term is
negligible due to their very small radii.
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simulation, we assume that the particles have the same velocity as the embedding fluid,
except for the Brownian velocity. The relative velocity difference between a particle and the
fluid, vy = v, — u, is then given as

Veel = aBrownTp. (7)
Hence, the particle velocity becomes
vy =u+ agmwn'rp. (8)

The radius of the particles can increase through condensation or coagulation, and it can
decrease due to evaporation. Since evaporation is essentially the inverse of condensation,
the evolution equation for the particle radius due to condensation/evaporation is given by

drp _

dt - A(C5102 - Csat>ﬁa (9)

where T is the temperature of the carrier fluid, Cg;o, is the concentration of gaseous silicon
dioxide, Cy is the silicon dioxide saturation concentration, and

M .
A= 8kB SiO, (10)
nmsio, 4p,,

(see Appendix C for more detail).

Coagulation of two small particles into one large particle is handled in the same way as
done previously by (Li et al. 2017, 2022), where the collection scheme is that of Shima et al.
(2009). This approach will now briefly be presented in the following. Let us consider two
swarms (super-particles) i and j within the same grid cell and with particle number densities
n" and njw, respectively. Furthermore, let us define i and j such that n]?W >ni". The
collection probability of a particle in swarm i with swarm j within the current time step is
then given by

pij = O','jl’l;W|V,' — Vj|E,‘jAt, (11)

when Ej; is the collection efficiency, which is here set to unity, o; = 7(r; + rj)2 is the
collectional cross section, and r; is the radius of particle i. It is clear that the time step
must be so small that the collection probability is always well below unity. For each swarm
pair in a given grid cell, one now draws a random number between zero and unity and
compares it with p;. If the random number is smaller than p;, a collection event is
considered to have occurred, otherwise nothing happens. In the case of a collection event,
the mass of particle j is added to the mass of particle i, while the mass of particle j is
unchanged, i.e., m; = m; + m; and m; = m;, where the tilde represents the new value.
Furthermore, the number density of swarm i is subtracted from the number density of
swarm j, while the number density of swarm i is unchanged, or, in mathematical terms:
n" = ni" and n;" = n;* — n}". This framework ensures mass conservation while providing
the correct coagulation rate. Since all particles within the same swarm have the same
velocity, particles within a swarm cannot collide with each other.
The equation for the particle temperature T), is given by
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ﬂ _ Yrad ~+ Qatent — Geonv

12
dt MpCp ’ (12)
where ¢, is the heat capacity of the particle,
mcondAH
=— 13
Qlatent MSiOZ ( )

represents the release of latent heat due to the condensational phase change from gas to
liquid, AH is the latent heat of condensation, Mgio, is the molar mass of silicon dioxide,

dr
. _ 2%p
Mcond = 47T, = P (14)
is the rate of change of particle mass due to condensation/evaporation,
Jconv = HtmnsAp(Tp - T) (15)

is the convective heat lost to the gas phase, Hyqan = Nukg/2r, is the heat transfer
coefficient, Nu is the Nusselt number, which, in the continuum regime, can be set to
two when the relative velocity between particle and fluid is close to zero (Bird et al. 2007),
Ay = 47‘[?'; is the particle surface area, kg is the conductivity of the fluid, and

drad = 471'7’;(’13%” - Tg) O0sBqabs (16)

is the radiative heat loss to the surroundings. Here, T\, represents the temperature of the
walls as seen by the particle, osp is the Stefan - Boltzmann constant, and g is the
absorption coefficient. For a black body emitter with r, > A, where A is the wavelength of
light, g.ps = 1. For smaller particles, where r, < A, the absorption coefficient is given by
(Modest 2013)

871, I m?> — 1 17)
=— m
Tabs A m2+2)’

where m = n — ik is the complex index of refraction with #n being the refractive index and k
the absorptive index (Modest 2013). It is not entirely clear from the literature what the
complex index of refraction for SiO, particles should be, but the authors of a recent study
(2026) suggest n~1.44 and k~0 for temperatures up to 2500 degrees, which corresponds to
the upper temperature expected under the conditions of interest for the present study. The
imaginary part is expected to be small, but not zero. In the following, we will use n = 1.44
and k = 0.005. This means that Im[(m? — 1)/(m? + 2)] = —0.0026.

Strictly speaking, Eq. (16) is valid only for optically thin environments, which is expected
to be a good approximation for the conditions of interest here. This will be justified in the
following. The absorption coefficient of the particle cloud can be approximated as

2 2 Pp total 6qabspp,total
a ndpnpqabs ﬂdpqabs " dSPp 7 dpPp , (18)
whenp, .., = > my,/V is the total material density due to all solid/liquid particle in a given
control volume. For r, > A, this means that a~d, !, hence that opacity increases with

decreasing particle size. For the tiny nuclei encountered at the beginning of the growth
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process, this would indicate optically thick conditions. However, based on Equation (17),
the absorption coefficient is independent of particle size when r, < A. This means that the
absorption coefficient of the particle cloud does not increase with decreasing particle size
for particles that are significantly smaller than the wavelength of light, hence, the assump-
tion of optically thin conditions is reasonable even when the particle number density is very
large.

Particle nucleation

In this work, we do not consider “external” nucleation sources, such as, e.g., ash particles.
Instead, nucleation occurs at a rate by which a nucleus with a radius equal to the critical
radius is formed. Here, the critical radius is given by

2yv,
min — B 19
it = i TIn S, (19)
and the corresponding rate by which this nucleation occurs is given by
167y*v?
J=Jpexp| ————2 . 20
0P < 3(ksT) (I se)2> (20)

where ], is the nucleation rate coefficient, S, = Csio,/Csqa is the ratio of the SiO, gas-phase
concentration over its saturation concentration, v, = 4.5 x 107?° m 3 is the volume of a SiO,
molecule, kg is the Boltzmann constant and y is the surface energy of a SiO, particle.
Instead of adding a new Lagrangian swarm particle at every grid cell for every time step,
we define a fluid variable y,, that carries the mass of those nuclei that, within a given
volume of fluid, have been generated, but not yet turned into particles. When this density

thresh

exceeds a given threshold, py."%", we generate a new Lagrangian particle that contains all

these nuclei, while setting the value of y,,q to zero. The evolution equation for yy, is

a nuci .
pgt I+V (Puynud) = Prucl> (21)
where the source term
. 4
Pruc = g ﬂr?ninpp] (22)

corresponds to a sink in the fluid equations for density and species mass fractions; see
Equations (24) and (28) due to nucleation. In non-conservative form, which is the form
used in the code, the equation becomes

aynucl . P 1(1 + ynucl)
Dl | eVt = Jgy + e Tl 23
T + v Vynua = yaigr + P (23)
where yqifr = DS(sznml + Vinp - Vyu,g) is a diffusion term with Dy being a small diffusion
coefficient that is only needed for numerical stability. The ynuqp,,,/p term in Eq. (23)
comes from the fact that the generation of nuclei, given by p_ ,, acts as a sink in the
continuity equation.
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Figure 1. Schematic view of particle growth from gas phase monomers to silica fume particles through
nucleation, condensation and coalescence (modified from Gonzalez-Farina (2020).

Silica fume particle interactions

In this section we will postulate a simplified mechanism for how SiO, molecules grow to the
final silica fume particles based on known mechanisms for step polymerization by nucleo-
philic addition (Billmeyer 1984). A schematic view of this is presented in Figure 1. When SiO,
molecules interact, they form a SiO, polymer if they are in the right temperature range
(referred to as nucleation in Figure 1). The polymers grow due to diffusion of SiO, monomers
to their surface (condensation), but also due to collision with other polymers (coalescence).
When two polymers collide, due to energetic reasons they will form one larger spherical
polymer if the temperature is above a certain level T;. If the temperature exceeds yet another
higher critical level T,, the chemical bonds between the monomers will break - and polymers
can no longer exist and the monomers transcend into the gas phase. This process can be
considered a sublimation. The detailed physical chemistry of this process is not well known.
In the following we will therefore apply a droplet approximation for the silica fume. In this
approximation, T; becomes the melting temperature of silica fume, while T, is its boiling
temperature. As silica fume does not have a clearly defined melting point, we use the melting
point of SiO, as the lower temperature limit for coalescence.

For temperatures above the boiling point of quartz, no silica fume particles can exist.
Between the melting temperature of 1823 K and the boiling temperature, silica fume
particles that collide will coalesce into one larger particle. Moving to lower temperature,
particles with temperatures somewhat below the melting temperature may still stick
together and form a neck-shaped connection. If formed, this connection is relatively strong.
But, depending on exact temperature and properties of the impact, the two particles may
also separate again after the collision. Finally, at even lower temperatures, particles may
form agglomerates that are connected by Van der Waals forces if the collision energy is low
enough. Such agglomerates are, however, typically formed only in piles of silica fume
particles behind the filter.

Fluid equations

When p is the fluid density, the continuity equation is given by
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Dp . .
Ft: _V'u_pcond_pnuch (24)
where D/Dt = 0/0t 4+ u - V is the advective derivative, and p_,, ; and p,, are the sinks due
to condensation and nucleation, respectively. Here, p , ; has already been defined in

Equation (22) while the sink due to condensation is given by

Npartccll

. E : : sw

Peond = mcand,j”j ’ (25)
=1

where i1¢o,4; is calculated based on Equation (14). Furthermore, the momentum equation
for the carrier fluid is given by

Du 1
—=——(VP-V. 7). (26)
Dt p
In the above equation, P is fluid pressure, 7 = 2pvS$ is the stress tensor, v is kinematic
viscosity, and S;; = 3 (u;/Ox; 4+ Ou;/0x;) — 5 0;V - u is the traceless rate of strain tensor.
In conservative form, the evolution equation for the mass fraction of species k is given by

8p Yk

a +V- ( Yk) =V - Ji+ - pcond,j - pnucl,j’ (27)

where J; = pY; V. is the diffusive flux of species k, Vy is the diffusive velocity obtained from
the mixture average approximation (Hirschfelder et al. 1969; Babkovskaia et al. 2011), and
wy is the source due to chemical reactions. Based on this, we obtain the following (non-
conservative) equation for the mass fraction of species k,

DY,

. pcond+pnucl
ko y. Peond T Poucl (g, 28
D Ji + wr + p (Y — Ok.cond) (28)

where 8 coq is unity for the condensing specie, while it is zero for all other k's.
The source due to chemical reactions is given by’

, N,

(Vks vks k+ H ijj5 - ks H C]vjs (29)

wk:Mk

uMz

where C; is the concentration of species j, the rate constant of reaction s is given by
ks = A;T™ exp(—E;/RT), and the values of A, n;, and E, are tabulated expressions
found in the relevant reaction mechanisms. Furthermore, v;’ and v/’ are the
stoichiometric coefficients of the reactant and the product side, respectively. In
most of this work, we will be using the reaction mechanism of Panjwani & Olsen
(Panjwani and Olsen 2013), which is listed in Table 1. Note that the reactions
related to the nitrogen-containing elements have been omitted in the current
work. (Another possible sub-set of SiO reactions may be found in Jachimowski
and McLain (Jachimowski and McLain 1983), although this mechanism also contains

2Note that we have here corrected mistakes with the indices of p, m, and v that were made in the corresponding equation of
Babkovskaia et al. (2011).
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Table 1. Reaction mechanism of Panjwani without NOx elements. All third body efficien-
cies are set to unity.

i Reaction A n E

1 C0+0,<C0,+0 2.50 x 10" 0.00 47800.0
2 OH+ OH < H,0+0 3.57 x 10% 2.40 —2110.0
3 CO+OH << CO, +H 4.76 x 109 1.23 70.0
4 H+0, < 0+0H 2.65 x 10 —0.67 17041.0
5 H+0+M&OH+M 5.00 x 10" —1.00 0.0
6 0+0+M&0,+M 1.20 x 107 —1.00 0.0
7 C0+0 & (O, 1.80 x 100 0.00 2385.0
8 H+O0H+M< H,04+M 2.20 x 10% —2.00 0.0

9 0, + Si0 < 0 + Si0, 2.31 x 10" 0.00 26016.0
10 OH + Si0 < H + Si0, 1.80 x 100 0.78 1218.0

a large number of Si-H-O species, so it is not suitable to extract just a subset of
these.)
The equation for fluid temperature T is given by (Babkovskaia et al. 2011)

DT 1 DYy (RgasT RyesT
el N Y R ol v
Dt ¢, ; Dt ( M, ¥ M

+2v S?2—

u_i_h}, (30)

p P

where c, is the heat capacity at constant volume, Ry is the universal gas constant, Mj is the
molar mass of species k, M is the mean molar mass of the gas, ki is the enthalpy of species k,
q =) mJr —AVT is the diffusive heat flux and A is the thermal diffusivity. Since the
particles we are interested in here are very small, the convective time scale is extremely
short, which requires very short time steps. In order to avoid the problem of too small time
steps for the simulation, we make the assumption that particles and fluid are always in
thermal equilibrium. This is indeed a good assumption since the convective timescale is
much shorter than the time-scales associated with radiative or conductive heat transfer.
Based on this assumption, we now set the particle temperature equal to the fluid tempera-
ture while the convective heat transfer from the particles to the fluid is set equal to the sum
of the radiative heat transfer and the release of latent heat due to the condensational phase
change:

o AH
Qcanv = N Pruct (31)

part cell

Msio, + Y [qrad,j+q1at6ﬂtJ]”;W'
j:1

In this simplified framework, it is implicitly assumed that the total heat capacity of the
particles is much lower than the heat capacity of the fluid. If this assumption does not hold,

the thermal inertia of the particles should be incorporated into the temperature equation for
the fluid.
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Physical parameters

In this section we will discuss some important physical parameters and try to estimate their
sensitivity on the results for the conditions of interest.

Surface energy

There are several papers presenting surface energies of SiO,, but most of the studies are at
too low temperatures for the current interest (e.g. Mizele et al. 1985). Gonzalez-Farina
(2020) refers to internal communication with Elkem when they use a surface energy of
y = 3.2 X 1072 J m ~2. This does, however, rely on a misinterpretation of measurement data
as this is the dispersive component of the surface energy measured by inverse gas chroma-
tography (Balard et al. 2000). The dispersive component is often a small fraction of the total
surface energy in polar polymers such as silica fume. This is confirmed by Overbury et al.
(1975), who reference Popel et al. (1969) when providing a value of y, = 0.390 ] m -2,
Furthermore, Kingery (1959) presents a temperature-dependent expression for the surface
energy, which is consistent with the value of Popel et al.:

Y= +yr(T—T)), (32)

where yy = 0.307 J m %, y; = 3.1 x 107> Jm ~2 K ~!, and T, = 2073 K (Kingery 1959).
In the upper panel of Figure 2, we see that an increase in surface energy results in an

increase in the nucleation radius, but this is only a linear effect. The strongest effect of the

surface energy is found in the nucleation rate. In the lower panel of Figure 2 we show the
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Figure 2. Upper panel: nucleation radius as a function of temperature. Lower panel: the exponential part
of Equation (20).
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value of the exponential term in Equation (20), and we see that the effect of the surface
energy is enormous - in particular for lower super saturation ratios.

The nucleation pre-exponential factor

An important parameter when calculating the nucleation rate from Eq. (20) is the nuclea-
tion pre-exponential factor. In the paper by R. Gonzalez-Farina, A. Munch, et al. (2020), the
authors set Jo= 10% m~3 s~! with reference to Lothe & Pound (Lothe and Pound 1962). It is
indeed correct that Lothe & Pound give the value of 10”°, but they work in cgs units - so this
value corresponds to Jo= 10°! m—> s~!. However, it has been known already since the paper
of Becker & Doring (Becker and Doring 1935; Oxtoby 1992) in 1935 that J, is variable with
respect to vapor concentration:

2 1/2
Jo = ( ) ve(Csio,Na)?, (33)
Tms;o,

where N4 is Avogadros number. The same pre-exponential factor is also obtained in the
book of Friedlander (Friedlander 2000). In his review paper, Oxtoby (Oxtoby 1992) argues
that the nucleation pre-exponential factor of Becker & Doring should be modified to
include an inverse supersaturation factor to read

_< 2y )1/2VC(CSi02NA)2
Jo = )

TMsio, Se

(34)

It should also be mentioned that Zhou et al. (2014) present an alternative expression

for Jo,

2 1/2Pi Xsi
]o=< y) 510,750, (35)

ﬂmSioz kB T

with reference both to the work of Friedlander (Friedlander 2000) and the work of Becker &
Doring (Becker and D6ring 1935), but it is not clear how this expression is obtained from
those two references. We therefore omit it from this work.

The difference between the above models is shown in Figure 3. Based on these results, we
will in the following use the model of Oxtoby. As an interesting side note, for some of the
nucleation models (not shown here) the rate of mass nucleation, 1 = 47Trr3nmPp J/3, actually
goes down with increasing S, for S, >2.

Saturation concentration

In the following, the Clausius & Clapeyron relation will be used to find the saturation
concentration of SiO, as a function of temperature. The saturation pressure is then given by

—AH /1 1
Psut = Pboil X exp R T - Tb ] ’ (36)
gas 0i

where the subscript “boil” refers to the condition at the boiling temperature. For silica fume
at atmospheric pressure, these values are Py,y = 101325 Pa and Tye; = 2503 K. The
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Figure 3. Nucleation pre-exponential factor, Jy, for different models.

enthalpy of vaporization can be found from different sources to be AH = 7.06 x 10° J/mol
(Kraus et al. 2012), AH = 5.99 x 10° J/mol (Lim et al. 2002) or AH = 5.78 x 10> J/mol
(Aylward and Findlay 2002).

Assuming an ideal gas, the saturation concentration is found from P = CRg,T as

Psat

Coat = ,
sat Rgas T

(37)

where Ry = 8.314 J/mol/K is the universal gas constant. The solid black and dark-red lines
in Figure 4 shows the saturation concentration as found in Eq. (37) when the enthalpy of
vaporization has been set to AH =7.06 x 10> J/mol (Kraus et al. 2012) and
AH = 5.99 x 10° J/mol, respectively. The dotted lines represent the conditions at the
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Figure 4. Here, saturation pressure (upper panel) and saturation concentration (lower panel) are shown
as functions of temperature. The red dashed line correspond to the value used in previous papers
(Gonzalez-Farina R, Munch A, et al. 2020; Vachaparambil et al. 2022). The two diamonds represent the
pressure set-points at (1025 C, 10~* Torr) and (2503 K, 101,325 Pa).

boiling point, while the dashed red line corresponds to the value used in previous papers
(Gonzalez-Farina R, Munch A, et al. 2020; Vachaparambil et al. 2022).

Furthermore, it is reported that the saturation pressure of SiO, is 10~ Torr at 1025
C. Using this reference point in Equation (36) together with the boiling condition yields an
enthalpy of vaporization of AH = 3.55 x 10° J/mol. Since 1025 C is below the melting point
of silica fume, it is, however, very questionable how applicable it is to use this as a reference
point. The resulting saturation pressure and concentration are nevertheless represented by
the solid blue lines in Figure 4. For the remainder of this work, we use AH = 7.06 x 10° ]/
mol when calculating the saturation pressure.

Validations
Lagrangian vs. Eulerian particle tracking

To check the consistency of the two particle approaches (Eulerian and Lagrangian), zero-
dimensional nucleation-condensation simulations have been performed for both
approaches. For these non-reactive tests, the initial mass-fractions are N,: 0.767, O,:
0.142 and SiO,: 0.091, and the saturation concentration is set to the same constant value
of 0.01 mol/m ? as in R. Gonzalez-Farina, A. Munch, et al. (2020). In Figure 5 the evolution
for the mass of silicon in the form of particles and gas is shown both for the Eulerian and
Lagrangian particle approaches. For the Lagrangian cases, three different values of
PYnuclthresh are tested, and we see that for the current test, using pynuci thresh= 107! gives
somewhat too slow nucleation and condensation, while decreasing pyn,ci tnresn below 1071
does not improve the results further. With pynyc sresn < 1071, the Eulerian results are also
reproduced.

To get a better understanding of the physics, Figure 6 shows the particle size distribution
for the Eulerian and Lagrangian cases. The various panels represent different times. As we
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Figure 5. Mass of SiO, in gaseous and solid phases as a function of time both for the Eulerian and the
Lagrangian approaches.
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Figure 6. Particle size distribution for Eulerian and Lagrangian tests.

can see, the Lagrangian case with pyn,c thresh= 107" or smaller resembles the Eulerian
results pretty nicely, although the distribution is rather spiky. The case with
PYnucl thresh= 10! also has some resemblance with the two other results, although the fact
that this simulation resulted in only two swarm particles means that it is hard to claim that
we have a real particle size distribution. For the latter case, only 5 size bins were used when
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Table 2. Lagrangian and Eulerian test simulations. For the eulerian simulations,
Npins represents the number of bins that is solved for in the simulation, while for
the Lagrangian simulations it represent the number of bins used when calculating
the pdf of the resulting particle sizes. Furthermore, Ny, is the number of swarm
particles that are generated for during the Lagrangian simulations. The total
number of physical particles represented by each simulation is given by Nppys.

Case Npins Mypy Ngw Nphys Time
tkal [10' [s]
Eul. 200 200 — — 3.0 1.85
Eul. 1200 1200 — — 3.0 8.60
Lagr. 10 5 10710 2 2.7 0.50
Lagr. 11 10 10~ 22 3.0 0.56
Lagr. 12 40 10~12 204 3.0 1.03

producing the probability distribution function (pdf), while for the two other Lagrangian
cases a total of 10 and 40 size bins were used. This is nevertheless in stark contrast to the
Eulerian case, where 200 and 1200 size bins were used. It is also clear that even with 200
Eulerian size bins, the distribution is not reproducing the larger size particles correctly.
From the upper left panel (earliest time), we see that there is an equilibrium between
nucleation and convection — meaning that nuclei that are produced are convected upward
to larger size bins at the same rate as they are produced. This results in a flat size distribution
that extends towards the right. Then, as the amount of SiO, in the gas is reduced, the rate of
convection is also reduced, but the nucleation rate is reduced even more. This results in
a relative reduction of particles at small radii, while the distribution is traveling further to
the right.

From Table 2 it can be seen that the CPU-time required for even the smallest
Eulerian simulation is longer than for the largest Lagrangian simulation. In real three-
dimensional simulations, the benefit of the Lagrangian approach becomes even more
convincing since an Eulerian simulation will have to solve for all particle sizes even in
parts of the domain where there are no particles, while a Lagrangian simulation use
resources on particles only where there really are particles. For most three-dimensional
simulations this may have a large impact. For this reason, and due to the more accurate
particle size distribution and the higher flexibility when it comes to particle content, the
Lagrangian particle approach is considered superior to the Eulerian approach for the
work of interest here.

Chemical reactions

To validate the non-Si containing reactions of the mechanism presented in Table 1, we
perform a zero-dimensional simulation with all the reactions listed in Table 1 and compare
the results with those obtained using the Davis (Davis et al. 2005) reaction mechanism,
where we have added reactions 9 and 10 listed in Table 1 to account for Si reactions. From
the results shown in Figure 7, we see that there are only smaller differences in ignition delay
time between the two mechanisms. This supports the accuracy of the non-Si part of the
Panjwani mechanism, and we will therefore continue by using it for the rest of the
simulations presented in this document.
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Figure 7. Comparison of zero-dimensional reactive simulations obtained with the reaction mechanism
listed in Table 1 with results obtained with the reaction mechanism of Davis (Davis et al. 2005). Here,
reactions 9 and 10 of the Panjwani mechanism have been added to the Davis mechanism.

Results
Zero-dimensional simulations

In order to be able to emphasize the more fundamental aspects of silica fume formation,
zero-dimensional simulations are performed here, which means that there are no spatial
gradients. This corresponds to premixed conditions.

Under real multi-dimensional conditions, entrainment of cold air into the combustion
products will cool down the product stream. Therefore, to emulate this effect in the zero-
dimensional simulations, an explicit cooling term is introduced. This cooling term is
given by

Qcool = GSBaop(T;luy, - T4>7 (38)

where T, = 1600 K and a,, = 1 for the reference case.

Growth of silica fume particles

In Figure 8, the evolution of six different variables is presented as a function of time for
three different equivalence ratios, where the equivalence ratio is defined as the actual fuel-to
-air ratio divided by the stoichiometric fuel-to-air ratio , i.e.,

F/A

¢ - (F/A>st0ich .

(39)
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Figure 8. Time evolution for various variables for equivalence ratios of 1.0 (black), 0.6 (red) and 0.3 (blue).

Let us first consider the results for stoichiometric conditions (¢ = 1) represented by the
black lines, which from now on is referred to as the reference case. From the upper left
panel, an initial, almost constant, decrease of the mass fractions of SiO and CO can be seen.
This lasts until around 1.3 ms when a sudden drop in SiO is observed. By inspecting the
other panels of the same figure, it is clear that a similar sudden change occurs also for the
other variables at the same time. From the two last panels it is clear that this abrupt change
coincides with the appearance of the first particles, which for the reference case happens at
around 1.25 ms. This is also the time when the condensation rate of gaseous SiO; on the
particles becomes non-zero (not shown).

In this context, the condensation has two main effects, the first is the liberation of
significant amounts of thermal energy due to the phase change from gaseous to liquid
state, which results in a temperature increase. The second effect is a shift in the equilibrium
of the SiO oxidation reactions (reactions 9 and 10 in Table 1), which results in increased
oxidation rates and therefore also increased temperature. The shift in the equilibrium of the
SiO oxidation reactions is due to the transfer of SiO, from the gas phase to the particles.
From Egs. (9) and (20) it is clear that higher temperature results in higher nucleation rate
and faster condensation. This means more particles for gaseous SiO, to condense on and
faster condensation on each particle, which again results in an even faster temperature
increase due to the release of the enthalpy of evaporation and increased oxidation of SiO.
The result of this is a runaway chain reaction, which does not stop until the amount of
gaseous SiO; has been reduced so much that it equals the equilibrium concentration at that
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temperature. This corresponds to a supersaturation ratio of SiO; (S.) at or below unity. As
can be seen from the right panel of the second row of Figure 8, this occurs at around 2.5 ms
for the reference case (¢ = 1).

To elaborate a bit more on this, the effect of the latent heat becomes clear by considering
Figure 9, where the dashed red line represents the exact same simulation as the reference
case (black solid line), except that the latent heat is set to zero. Here we see that the
temperature increase is significantly slower when the latent heat is zero than for the
reference case. The changes in the other parameters visualized in the figure are also less
steep, but they are nevertheless far from flat. This remaining steepness comes from the
increased oxidation rate of SiO due to the change in the equilibrium of the SiO oxidation
reactions when SiO, condense on the particles.

Looking back at Figure 8, the amount of SiO continues to gradually decrease after the
previously discussed chain-reaction has stopped. This yields an increase in particle mass
due to condensation of gaseous SiO,. At the same time, the lower right panel shows that the
total number of particles is drastically decreasing while the total particle mass increases. The
reason for this is particle coagulation due to Brownian motion of the particles. This
coagulation, with its corresponding reduction in particle number and increase in average
particle diameter, continues until the temperature has decreased down to the melting
temperature of silica fume at 1560°C (=1833 K), which happens after about 7.2 ms for the
reference case.

By considering the results for other equivalence ratios in Figure 8 (red and blue lines), it
is clear that they follow the same trend as the stoichiometric case. One notable difference is
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Figure 9. Time evolution for various variables for equivalence ratios of 1.0 with and without liberation of
latent heat during condensation and nucleation.
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the fact that the lowest equivalence ratio, while it ends up with the lowest total particle mass,
still has the highest number of particles. This is due to the fact that, because of its lower
amount of chemical energy, it is cooled down to the melting temperature of silica fume
before coagulation has had time to grow the particles to the same size as for the larger
equivalence ratios.

Particle size distributions

It is interesting to look at the particle size distribution for different times for the same
simulations as presented in Figure 8. For the simulation with ¢ = 0.6, only the very first
small nuclei have started to appear at t = 2.0 ms. Since these nuclei are generated in the
presence of an extremely high super-saturation ratio, they will grow very rapidly. This
results in the narrow peak for the case with ¢ = 0.6 in the upper panel of Figure 10. While
for the two higher equivalence ratios, the particle nucleation and growth process has already
been going on for a while at + =2 ms, which means that the supersaturation ratio has
decreased to around unity. Hence, the particles present in these two simulations at this time
have different age and have experienced very different conditions during their life time,
resulting in much broader particle size distributions for the two larger equivalence ratios at
t = 2 ms. Going to the last panel in the figure, for t = 10 ms, it is clear that the particle size
distributions are shifted more and more to larger particles as the equivalence ratio is
increased. The reason for this can be found from Figure 8, where we see that for larger
equivalence ratios, the simulation stays longer at temperatures above the melting tempera-
ture of silica fume. This results in more time for particles to coalesce due to Brownian
motion, and therefore larger particles. In the lower panel of Figure 10, data measured in
a real furnace is also presented. Although the measured distribution is broader than the
simulated ones, and shifted toward larger particles, the difference is not dramatic given the
zero-dimensional premixed approximation made in the simulations presented here.

The final particle size distribution depends on the time that the particles stay above the
melting temperature. The longer the particles are above this temperature, the more coagu-
lation will occur, leading to a shift of the particle size distribution toward larger particles.
This is visualized in Figure 11, where the final particle size distributions of three simulations
with different cooling rates are compared. Large opacity (a,, in Eq. (38)) means high
cooling rate. The particle size distributions obtained from the numerical simulations
(solid lines) are all narrower than the measured particle size distribution (symbols). The
reason for this is that all the particles grown in a zero-dimensional premixed numerical
simulation will experience the same equivalence ratio, while in reality the local equivalence
ratio where the different particles grow will vary within the domain. This variation will
result in a broader particles size distribution, as can be understood by inspecting the results
presented for different equivalence ratios in Figure 10. The particle size distribution was
measured using a Malvern Panalytical Mastersizer 3000 laser diffraction particle size
analyzer. With reference to ISO 13320:2020, the measurement uncertainty for laser diffrac-
tion is = 1-3% for median diameters under ideal, spherical, monomodal, clean samples.
Silica fume particles are almost perfectly spherical so the real uncertainty is expected to be at
the lower end of this range. The sample was obtained from the bag filter at one of Elkem’s
silicon furnaces.
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Figure 10. Particle size distributions for the same simulations as presented in Figure 8. The symbols in the
lower right panel corresponds to measured particle size distributions.

Sensitivity to saturation concentration, surface energy, and Brownian motion

It is interesting to investigate the sensitivity of the final results in some of the more
important physical parameters. Here we will consider the following parameters: saturation
concentration of SiO,, surface energy of silica fume and Brownian motion.

By setting the saturation concentration of SiO, to a constant value of 0.01 mol/m , as
done in, e.g., R. Gonzalez-Farina, A. Munch, et al. (2020) and Vachaparambil et al. (2022),
the results represented by the blue line in Figure 12 are obtained. By comparing with the
reference case (thick black lines), it is clear that the temporal evolutions are strongly
dependent on the saturation concentration, even though the final results are not extremely
different for this particular setup. The most prominent difference is the fact that the
supersaturation ratio (S,) is never very large (the peak is roughly ten orders of magnitude
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Figure 11. Final (after temperature has decreased below the melting temperature) particle size distribu-
tions for simulations with different cooling rates (a,, = 1 (black), 0.5 (red), 0.1 (blue)). The black stars
represent the same measurements as presented in Figure 10.

0.07 0.030
0.086 0.025F —Ref. ]
882 . 0.020F __no Brown 4
o U =1 E __satConc
Fome
0.02 : 3 E
0.01 0.005 E
0.00 0.000
2500 ¢ 1 b
= 2000F 1 D 1
£~ o ]
1500 . v 1
1000 E :
4x10 102k 4
= 3x107%F re— R
5 5 10} ]
o 2x1070F 10
2 £ 10°} S—— —
S -5 =]
= 1x107°f i e
o 108+ ] .

0 2 4 6 8 10 12 0 2 4 6 8 10 12
t [ms]

Figure 12. Black line represent the reference case with equivalence ratio of unity, as also presented in
Figure 8. The effect of turning off Brownian motion in the reference case is shown from the red line, while
if the saturation concentration in the reference case is set to a constant value of 1072 mol/m3, the blue
line is obtained. Finally, reducing the surface energy of the reference case downtoy = 3.2 x 1072 Jm ~2
yields the yellow line.
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smaller than for the reference case), which results in the formation of larger nuclei; see Eq.
(19). It should also be noted that the particle nucleation starts slightly later than for the
reference case, but the transfer of SiO, from the gas phase to the particles proceeds more or
less continuously until all Si is in the particles. Finally, we note by considering Fig. 13 that
the particle size distribution is slightly larger than for the reference case. For this case,
coalescence due to Brownian motion is much less important than for the reference case.
This is due to the fact that the initial nuclei are much larger when the supersaturation is
small, as can be seen from Eq. (19).

Let us now see what happens if Brownian motion is neglected in the reference simula-
tion. This is represented by the red lines in Figure 12. For all but the very last panel, the
results without Brownian motion follow the reference case very accurately. The only panel
where a difference is found is the one for the number of particles, where the final number of
particles without Brownian motion is found to be a factor of 10* larger than for the
reference case. This is clearly due to the lack of any coalescence for the case without
Brownian motion. This is shown even more clearly in Figure 13, where it is seen that
even at the final time only the smallest particles exist for the simulation without Brownian
motion. This means, as has already been mentioned previously, that the presence of
Brownian motion is instrumental in determining the final particle size distribution.
Another interesting aspect with this case is that none of the other parameters presented
in the figure seem to be influenced by the particle size. This is maybe surprising since we
know from Eq. (9) that the change in particle size only depends on the temperature and the
difference between concentration of SiO, and its saturation concentration. Based on this,
one would think that, due to their larger combined surface area, smaller particles should
yield faster transfer to the particle phase. The reason that there is still no effect on the other
parameters is that the first part of the condensation (1.25<t<1.5 ms) is so fast that
essentially no coalescence has time to occur. For the next phase of condensation (¢#>2
ms), the supersaturation is almost unity, so all condensation is controlled by how fast SiO, is
oxidized to produce SiO,. Even at the lower particle surface area of the reference case, the
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Figure 13. Final particle size distributions for the same simulations as presented in Figure 12.
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condensation rate is fast enough to maintain a supersaturation ratio close to unity, meaning
that the increased total surface area for the case without Brownian motion has no effect on
the condensation rate.

We have already mentioned that the nucleation rate is very sensitive to the surface
energy of silica fume. So, how does a reduction in the surface energy by a factor of ten
influence the final results? This is studied by setting y = 3.2 x 1072 ] m 2, and the results
are presented as the orange curves in Figures 12 and 13. From Eq. (20) it seems that
smaller surface energy will yield a much larger exponential term of the nucleation rate.
Although this is true for lower super-saturation ratios, the exponential term is always
about unity for the large super-saturation ratios experienced in the beginning of these
simulations. This means that the mass flux of SiO, from the gas phase to the particles is
determined only by the pre-exponential factor of Eq. (20), which scales as the square root
of the surface energy, and the cube of the critical radius; see Eq. (19). Since the critical
radius scales linearly with the surface energy, the mass flux due to nucleation scales with
the surface energy to the 3.5 power. This is why we see that the first particles appear later
for the orange line in Figure 12. The most prominent feature of the orange line is
nevertheless the sudden increase in the number of particles appearing at around 5 ms.
This increase can be understood by the fact that the super-saturation ratio is now close to
unity. When the fluid temperature starts to decrease because of the cooling, this results in
a small increase in the super-saturation ratio, which results in a significant value of the
exponential term of Eq. (20). Because of the smaller value of the surface energy, this kick
starts nucleation again.

Conclusions

Our main conclusions can be summarized as follows:

(1) For the first time, simulations of silica fume using parameters that make physical
sense have been performed.

(2) Eulerian and Lagrangian particle tracking methods have been compared. They are
found to agree with each other, but the Lagrangian approach is both cheaper and
more flexible.

(3) When particle nucleation commences, a temperature-controlled chain reaction is
initiated, where the liberation of vapor energy due to nucleation and condensation
on particles leads to an increased temperature. Increased temperature speeds up both
nucleation and condensation, which again results in an even faster temperature
increase. On top of this, the transfer of SiO; from the gas phase to the particles shifts
the SiO,-oxidation reactions to producing more SiO,, which again results in an
enhanced temperature increase due to the exothermicity of these oxidation reactions.

(4) Coalescence due to Brownian motion governs the overall particle size distributions.
Resulting in an average particle size that is two orders of magnitude larger than
without this effect. The final particle size distribution is dependent on how long the
particles experience temperatures above their melting temperature. Below the melt-
ing temperature, coalescence will not occur.
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(5) The simulations suggest that CO has the same reactivity as SiO. It should also be
mentioned that in the work presented in this paper, there was no water vapor in the
inlet gas mixture, and it is known that introducing steam increases the reactivity of
CO compared to SiO even further. These aspects motivate the development of more
tailored reaction schemes for SiO oxidation.
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Nomenclature

(F/A)goich Stoichiometric fuel-to-air ratio

a Particle acceleration

a’ovr Particle acceleration due to Brownian forces

ng . :

a, Particle acceleration due to drag

M Mean molar mass of the gas

G Speed of sound

f(nr) Particle size distribution by log radius

AH Latent heat of condensation

At, 6t Time step

Peond Mass sink/source of gas phase due to condensation/
evaporation

Pruc Mass sink of gas phase due to nucleation

Wk Chemical source term for species k

Meond Rate of change of particle mass due to condensation/
evaporation

y Surface energy

I Diffusive flux of species k

AX Wavelength of light

n®” Particle number density of swarm
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PS(Z[’
pij

qabs

QCDHV
Gconv

Qcool

Nusselt number

Kinematic viscosity

Equivalence ratio

Fluid density

Particle material density

Stefan — Boltzmann constant

Collectional cross section of swarms i and j
Particle response time

Particle size distribution by log mass

Fluid velocity

Diffusive velocity of species k

Particle velocity

Relative velocity between particle and fluid
Particle position

Particle surface area

Cooling coefficient (optical thickness factor)
Concentration of gas-phase species i
Speed of sound

Heat capacity at constant volume

Particle heat capacity at constant pressure
Saturation concentration

Brownian diffusion coefficient

Particle diffusivity

Diffusion coefficient for nuclei field
Collection efficiency

Particle size distribution by radius
Fuel-to-air ratio

Volume-based particle size distribution
Enthalpy of species k

Convective heat transfer coefficient
Nucleation rate

Nucleation pre-exponential factor
Absorptive index (imaginary part of m)
Boltzmann’s constant

Thermal conductivity of gas

Complex refractive index

Molar mass of species k

Particle mass

Atomic mass constant

Molar mass of SiO,

Molecular mass of SiO,

Refractive index (real part of m)
Avogadro’s number

Number of particle swarms

Number of spatial dimensions

Fluid pressure

Saturation pressure at boiling

Saturation pressure

Collection probability of a particle in swarm i with swarm j
Diffusive heat flux

Absorption coefficient

Convective heat source term in fluid equation
Convective heat loss from particle to gas phase
Imposed cooling term
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Qlatent Latent heat due to condensation

rad Radiative heat loss from particle

R; Radius of bin i

Tp Particle radius

Rggs Universal gas constant in ideal gas law
Tmin Critical nucleation radius

Se Supersaturation ratio

Sij Traceless rate-of-strain tensor
T Temperature

t Time

T, Particle temperature

Tooil Boiling temperature

Tsurr Surrounding temperature
Twall Wall temperature seen by the particle
Ve Molecular volume of SiO,

Yy Mass fraction of species k
Ynucl Nuclei mass-fraction variable
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Appendices

Appendix A. Eulerian particle approach

In the Eulerian particle approach, one solves for the distribution of particle sizes in every grid cell.
This distribution can be based on particle radius, f(r), the logarithm of particle mass, f(In m), or the

logarithm of particle radius, f(Inr). Each of these distributions is made up of a certain number of
particle bins, where an evolution equation is solved for each of those bins.

With the above definitions of the various particle size distributions, we know that the total particle
number density is given by

n= [fdr: [fdlnmzjfdlnr (A1)
such that
fdr = fdlnm = fdlnr (A2)
and
¥ i
= =", A3
f ror (A3)
Since Inr, =1Inry + n dInr the n'th radius in the logarithmic radius case is given by
r, =roexp(ndlnr), (A4)
which means that a nucleus with radius ,, belongs to bin number
n= J(rnucl - rO)/dr (A5)
for the linear radius case and
ln(rnucl/ro)
_ A6
" J dinr (A6)

for the logarithmic radius case.
In the following, we will use the radius binning, i.e., f(r). The evolution equation for particle
number density is then given by

9 0
6—{-1— V. (fo) = Dpvz - E (Gf) + Tcoll7 (A7)

where T,y represents particle collisions, the size-dependent particle number density is given by
f =f(t,x,r), and the total particle number density is the integral of f over r:

n(t,x) :J ft,x,r)dr. (A8)
0
The sink due to condensation is given by
Nradiusbins
pcond = Z 47T7’12Gppf,61’ (A9)

i=1

for the Eulerian approach, where feonq; = 47[1’j2 Gp,-
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A.1. Moments

The n‘th order moment is given by

m, = Z rfdr, (A10)
such that my = n gives the particle number density, while
ms = 3 v, (A11)
’ A7tV aomain partss

is a measure the total volume of all the particles residing within a volume of the simulation domain
given by Viomain-

Mass conservation demands that the total mass of all SiO, molecules equals the mass of SiO;
molecules in the gas phase plus the mass of those in the particle phase, i.e.,

Msio2 total = Msio2,gas + My, (A12)
where the mass of SiO; in the gas phase is given by
msinZAgus = pYSiOZ Vdomain (A13)

and the mass of SiO; in all the silica fume particles is given by

4
my, = Vpartspp = gﬂppms Vdaomain- (A14)

Here, we have used the fact that the true density of silica fume particles is p, = 2.196 g/cm 3,

Appendix B. Brownian motion

B.1. Derivation of expression for Brownian motion

For a particle whose radius is smaller than the mean free path of the carrier gas, its velocity v(¢)
follows the Langevin (Ornstein — Uhlenbeck) equation

dv my
mpE— —T—pV+FB(t)7 (Bl)

where 7, is the momentum - relaxation time (Epstein drag) and Fg(t) is the random Brownian force.
Requiring that the particle reach the Maxwell - Boltzmann equilibrium, (v) = kgT/m,, fixes
the second - order statistics of Fp:

mpkBT

(Fp;i(t)Fpj(t')) =2 8;0(t—t') (B2)

T
. . PENEEE ) 2 . . . .
(white noise, zero mean). Dividing by m;, gives the acceleration - noise covariance

kgT
mpTp

(api(t) ap;(t)) =2 8id(t—1).

Integrating (54) from ¢ to ¢ + At
v t-+At
Av = ——At+J ap(t)dt’.
TP t

For white noise the time integral is normally distributed with
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kgT
mpTp

At.

<AVBrown> = 03 Var (AVBrown,i) =2

Hence one may write the stochastic velocity increment as

kg T
AVgrown = 1 /2 mBT VAt (B3)
PP

with f, a vector of independent, standard Gaussian deviates.
Many particle solvers apply a constant acceleration within the same timestep:

aBmwn — AVBrown
4 At

Substituting (56) yields

2 kgT

Brown ~ B

= —_— B4
% p T, At m, (B4)

which equals Eq. (5). The validity of this equation is demonstrated in the following subsection.

B.2. Validation of expression for Brownian motion

The diffusion coefficient due to Brownian motion is given by the Einstein relation; D = kgT/y, where
y is the friction coefficient. In the free molecular regime, the friction coefficient can be characterized
by the particle response time as y = m/ 1), such that
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Figure B1. Heat map of particle position as function of time (upper panel) and mean particle displace-
ment (lower panel). In the upper panel, only 100 of the 1000 test particles are shown.
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D = 1,kgT/m. (B5)
The mean particle displacement is then given by
0> = 2n4imsDt, (B6)

where 0> = ((x — (x))*) and angle brackets represent averaging and #1g;n; is the number of dimen-
sions in which the particle can move.

To test the validity of Egs. (5) and (8) and the corresponding implementation in the code, 1000
particles with diameter of 10nm are tracked in a quiescent fluid at 750K. The x-position in the
domain as a function of time for each of the particles is shown in the upper panel of Fig. B1. The red
solid line in the same panel represents the mean particle displacement, ¢. In the lower panel of Fig. BI,
the mean particle displacement from the simulation (solid black lines) is compared with the mean
particle displacement as expected from the diffusion equation given by Eq. (B5) (dashed red line). The
lower pair of lines corresponds to the full three-dimensional displacement, while the lower pair is for
the displacement in the x-direction (as visualized in the upper panel).

Appendix C. Condensation

C.1. Molecular/kinematic regime

In the kinematic regime (particles are much smaller than the mean free path of the molecules, the
effluent flux, which is the rate of molecular collisions per unit surface area, is then given by

F = Nu/4, (C1)

when N is the concentration of condensing molecules and u is the mean velocity of the gas molecules,
which can be found from the mean of the Maxwell-Boltzmann distribution:

U=/ 8kBT/(7tm5102), (CZ)

where kg is Boltzmann’s constant, T is fluid temperature and mg;o, = 60m,, is the molecular mass of
SiO , and m,, = 1.67 x 10~ kg is the atomic mass constant. Hence, the unit of F is mol/m 2/s. The
total molar rate of condensation on the surface of a particle with radius r is then given by

F=4nr*F. (C3)
From this it is clear that the volumetric change of the particle becomes

av
—— = FMsio, /p,, (C4)

dt
where Msio, = 60 kg/kmol is the molar mass of SiO ; and p, = 2196 kg/m 3 is the true density of
a silica fume particle. When N = Cgio, — Cqqr is the molar concentration of the condensing gas, Cs;o,
is the molar concentration of SiO ; gas, C,; is saturation concentration of the same gas we know that
for a spherical particle dV = 4nr?dr, such that

dr

ar _ o dV 1 4 rz MSiOz
dt

G=——= oz
2 2
dt 4nr 4mr’p,

Msio,
= (Csio, — Csat)4 |8k T/ (nmsio, ) S0
4pp

= A(GCsio, — Coat)V'T, (C5)

8kg Msio,

where A = Tmso; 4p, .
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C.2. Continuum regime

In the continuum regime, i.e. when the particles are much larger than the mean free path
( Kn > 1), the radius evolution is given by (Friedlander 2000)

dr _ 2Dsi0,(Csio, — Csat)Msio,

- = (Ce)
dt 2rpp,,
I : _‘Cont. regimeI
, —Mole. regime
0.100 F i_l"uchs & Sutugin .
2 C ' ..Upper/lower 7,
o | __Kn=1
3 I
}" 0.010E f E
= |
0.001 F ]
10 100 1000 10000
7, [nm]

Figure C1. Particle condensation rates for continuous approximation (black line) and molecular approx-
imation (red line). The Fuchs and Sutugin approximation (blue line) recovers the two regimes relatively
well.

This is currently not implemented in the simulations below.
Fuchs & Sutugin proposed the following interpolation formula

ﬂ _ 2Dsi0, (CSiOz - Csut)MSiOZ
dt erPp

y 14+ Kn
1+ 1.71 Kn +1.333 Kn2|’

(C7)

Assuming air at 1bar and 2000K, the three above radial evolution equations give the result
presented in Figure CI.

Appendix D. Particle size distribution
The volume-based particle size distribution is defined as

1 &

fV(R,-)dr V,»(rp)w. (Dl)

Vtotul p=1

Here, dr = (Ry — Ruax)/Npins is the width of each particle bin, R; = Ry + (i — 1)dr is the radius of
bin i, Ny is the number of bins, N, is the total number of particle swarms,
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V() V(R) < V(r) < V(R +dr)
Vi(r) = { 0: elsewhere

is equal to the particle volume if the particle is a member of bin i, otherwise it is zero. For
experimental measurements, the weight w is unity, while for numerical simulations with the swarm
approach, w = n¥ = dV. Furthermore, the particle volume is given by

V(r) = 4?”1'3, (D2)

such that the total volume of all particles become
Np
Vtotal = Z V(rp)nsw7 (D3)
p=1
when 7" is the number density of physical particles within swarm p. This ensures that
Npin

va(R,‘)dr =1. (D4)

i=1
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